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Abstract Superluminal radiation from electrons acceler-
ated in electromagnetic waves is investigated. The radia-
tion field is a Proca field with negative mass-square, min-
imally coupled to the electron current. The spectrum is
continuous in the ultra-relativistic regime, where steepest-
descent asymptotics can be used to evaluate the power co-
efficients. The time averaging of Lissajous orbits in po-
larized wave fields is discussed, and the tachyonic spec-
tral densities of electrons orbiting in intense laser beams
are derived. In the ultra-relativistic limit, realized by high
injection energy or high field intensity, the spectral func-
tions are evaluated in closed form in terms of Airy inte-
grals. In contrast to electromagnetic radiation, there is a lon-
gitudinal polarization component, and oscillations emerge
at high beam intensity in the longitudinal and transversal
spectral slopes, generated by the negative mass-square of
the tachyonic quanta. The thermal ultra-relativistic elec-
tron plasma of two active galactic nuclei is analyzed in this
regard, based on TeV spectral maps obtained with imag-
ing air Cherenkov detectors. Specifically, tachyonic cas-
cade fits are performed to γ -ray flares of the TeV blazars
RGB J0152 + 017 and 3C 66A, and the transversal and
longitudinal radiation components are disentangled in the
spectral maps. The curvature of the spectral slopes is
shown to be intrinsic, caused by the Boltzmann factor of
the electronic source plasma radiating the tachyonic cas-
cades.
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1 Introduction

We study the effect of acceleration on the superluminal spec-
tral densities of electrons orbiting in electromagnetic waves.
The tachyonic radiation field is a Proca field with nega-
tive mass-square coupled to a subluminal current. The La-
grangian reads

LProca = −1

4
FαβFαβ + 1

2
m2

t AαAα + Aαjα,

j0 = ρ = qδ
(
x − x(t)

)
, j = qvδ

(
x − x(t)

)
, (1.1)

where mt is the mass of the superluminal Proca field Aα with
field tensor Fαβ = Aβ,α − Aα,β , and q the tachyonic charge
carried by the current jα . The mass term in the Lagrangian
is added with a positive sign, and the sign convention for
the metric is diag(−1,1,1,1), so that m2

t > 0 is the negative
mass-square of the radiation field. Tachyonic radiation im-
plies superluminal signal transfer [1–7], the energy quanta
propagating faster than light in vacuum, in contrast to rotat-
ing superluminal light sources emitting vacuum Cherenkov
radiation [8, 9]. This superluminal energy propagation by
tachyonic vacuum modes is also to be distinguished from su-
perluminal group velocities arising in photonic crystals, mi-
crocavity waveguides, and optical fibers [10–14]. In contrast
to tachyonic quanta, the actual signal speed defined by the
electromagnetic energy flow in these media is subluminal
and occasionally even opposite to the group velocity. Here,
we derive the radiation densities of ultra-relativistic elec-
trons accelerated in electromagnetic plane waves [15, 16];
tachyonic spectral densities generated by uniformly moving
charges have been discussed in [17–20].

The existence of superluminal energy transfer has not
been established so far, and one may ask why. There is
the possibility that superluminal quanta just do not exist,
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the vacuum speed of light being the definitive upper bound.
There is another explanation, the interaction of superluminal
radiation with matter is very small, the quotient of tachy-
onic and electric fine-structure constants being q2/e2 ≈
1.4 × 10−11 [5], and therefore superluminal quanta are hard
to detect. There have been searches for superluminal parti-
cles, which were assumed to be electrically charged sources
of vacuum Cherenkov radiation [2], and bubble-chamber
events were reanalyzed in search of negative mass-squares
inferred from energy-momentum conservation [3, 4].

Here, we investigate superluminal radiation by electrons
in ultra-intense laser beams and from ultra-relativistic elec-
tron plasmas [21–23]. The negative mass-square of the
tachyonic radiation field results in a longitudinal radiation
component, and the acceleration the electron undergoes in
a laser beam generates oscillations along the slopes of the
spectral densities. For the spectrum to be continuous, ultra-
relativistic electronic Lorentz factors are required, gener-
ated by high injection energies and/or electromagnetic wave
fields of high intensity. The superluminal radiation densi-
ties of ultra-relativistic electrons accelerated in a polarized
electromagnetic plane wave can be expressed in closed form
by means of Airy functions depending on the Stokes pa-
rameters, wavelength, and intensity of the electromagnetic
wave, all combined in a single spectral variable in the ultra-
relativistic limit. Tachyonic cascade spectra are obtained
by averaging the superluminal spectral densities with ultra-
relativistic electron distributions. The thermodynamic para-
meters of the electron plasma as well as the transversal and
longitudinal flux components can be inferred from the cas-
cade fit.

In particular, we perform tachyonic cascade fits to γ -ray
flare spectra of two TeV blazars, the BL Lacertae objects
(BL Lacs) RGB J0152 + 017 [24] and 3C 66A [25, 26],
and extract the thermodynamic parameters of the electron
plasma in the galactic nuclei. In contrast to GeV–TeV pho-
tons, the extragalactic tachyon flux is not attenuated by the
cosmic background light, as tachyons cannot interact with
infrared background photons. By comparing to the spectral
maps of other BL Lacs, we show that the curvature in the
GeV–TeV spectra of blazars is a consequence of the Boltz-
mann factor of the thermal electron plasma in the active
galactic nuclei. The spectral curvature is reproduced by the
superluminal cascades without resort to intergalactic attenu-
ation mechanisms. In the spectral map of blazar 3C 66A, an
extended spectral plateau typical for tachyonic γ -ray spectra
emerges in the high MeV and low GeV range [27, 28].

In Sect. 2, we set up the general formalism, deriving the
tachyonic Poynting vectors and the transversal and longitu-
dinal power coefficients. In Sect. 3 and Appendix C, we cal-
culate the superluminal spectral densities of ultra-relativistic
electrons orbiting in polarized electromagnetic waves. In
Sect. 4.1, we consider ultra-intense laser fields, and study

the effect of polarization on the tachyonic radiation densi-
ties of electrons injected into the laser beam. In Sect. 4.2,
we discuss tachyonic cascade spectra generated by the ther-
mal ultra-relativistic electron plasmas of active galaxies, and
show how to disentangle the polarization components in the
spectral maps. The conclusions are summarized in Sect. 5.
In Appendices A and B, we enumerate the different types of
trajectories in polarized wave fields, and explain the time av-
eraging of Lissajous orbits in electromagnetic plane waves.

2 Superluminal flux vectors and power coefficients

We start with the current density j(x, t) generated by a
charge in arbitrary motion. The truncated Fourier represen-
tation of the current reads

ĵ(x,ω) =
∫ +T/2

−T/2
j(x, t)eiωt dt, (2.1)

and we define the truncated delta functions

δ(1)(ω;T ) := 1

2π

∫ +T/2

−T/2
eiωt dt,

(2.2)

δ(2)(ω;T ) := 2π

T

(
δ(1)(ω;T )

)2
,

both of which are limit definitions of the Dirac function,
δ(1,2)(ω;T → ∞) = δ(ω). In this way, a well-defined mean-
ing is given to squares of delta functions arising in the tachy-
onic flux vectors. The latter are based on the current trans-
form, see (2.1),

Ĵ(x,ω) :=
∫

dx′ĵ(x′,ω) exp
(−ik(ω)nx′),

(2.3)

k(ω) := sign(ω)

√
ω2 + m2

t ,

where k(ω) is the tachyonic wave number and mt > 0 the
tachyon mass. The projection of Ĵ(x,ω) onto a right-handed
triad of polarization vectors ε1,2 and n of the tachyonic ra-
diation field reads

ĴT(j)(x,ω) := εj (x)
(
εj (x)Ĵ(x,ω)

)
,

ĴT(x,ω) := ĴT(1)(x,ω) + ĴT(2)(x,ω), (2.4)

ĴL(x,ω) := n
(
nĴ(x,ω)

)
, Ĵ = ĴT + ĴL.

Here, n := x/|x| is the coordinate unit vector identified as
longitudinal polarization vector, and ε1,2 are real transversal
polarization vectors defining two degrees of linear polariza-
tion, so that ε1, ε2 and n constitute an orthonormal triad.

We consider a subluminal particle x0(t) moving in the
vicinity of the coordinate origin. The particle carries a tachy-
onic charge q , resulting in the charge and current densities
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j0 = ρ = qδ(x − x0(t)) and j(x, t) = qẋ0δ(x − x0(t)), so
that

Ĵ(x,ω;T )

= q

∫ +T/2

−T/2
exp

[−i
(
k(ω)nx0(t) − ωt

)]
dx0(t), (2.5)

where n coincides with the unit wave vector of the outgo-
ing spherical waves. In this representation, the trajectory can
also be used if parametrized by a variable ϕ other than time,
without the need of inversion. We then use x0(ϕ) and t (ϕ) in
the exponential, and replace the integration over dx0(t) by
dx0(ϕ), with integration boundaries ϕ(±T/2). In this case,
we use a slightly modified form of the truncated delta func-
tions in (2.2), adapted to the ϕ parametrization. We define
Tϕ := ϕ(T /2)−ϕ(−T/2), where ϕ(t) is the inverse of t (ϕ),
and

δ(1)(ω;Tϕ) := 1

2π

∫ ϕ(T /2)

ϕ(−T/2)

eiωϕ dϕ,

(2.6)

δ(2)

(
ω; |Tϕ |) := 2π

|Tϕ |
(
δ(1)(ω;Tϕ)

)2
,

so that δ(1,2)(ω; |Tϕ | → ∞) = δ(ω).
The time-averaged asymptotic Poynting vectors read [6],

〈
ST(j)

〉 ∼ n
4(2π)4r2

2π

T

∫ +∞

−∞
ωk(ω)

∣∣ĴT(j)(x,ω;T )
∣∣2 dω,

(2.7)
〈
SL〉 ∼ n

4(2π)4r2

2π

T
m2

t

∫ +∞

−∞
k(ω)

ω

∣∣ĴL(x,ω;T )
∣∣2 dω,

with k(ω) = sign(ω)

√
ω2 + m2

t as defined in (2.3); the sign
change enters due to the Fourier representation stretching
symmetrically over positive and negative frequencies. The
wave number changes its sign when the frequency does, so
that waves labeled by ±ω are equivalent, propagating into
the same direction; negative frequencies are used for nota-
tional convenience only. Squared absolute values of com-
plex vectors always imply complex conjugation, |Ĵ|2 := ĴĴ

∗
.

The total transversal flux 〈ST〉 is obtained by adding the
transversal polarization components 〈ST(j)〉, or by substi-
tuting ĴT into the integrand instead of the linearly polar-
ized current transforms ĴT(j), see (2.4). The radiant power
in the respective polarization is obtained by integrating the
flux through a sphere of radius r → ∞,

P T(j),L = r2
∫ 〈

ST(j),L〉
n dΩ, (2.8)

where dΩ = sin θ dθ dϕ is the solid-angle element. The
spectral densities pT(j),L(ω) are obtained by inter-

changing the dΩ and dω integrations, so that P T(j),L =

∫
pT(j),L(ω)dω. At this stage, the integration over the neg-

ative frequency range is converted into an integration over
positive frequencies by the variable change ω → −ω.

We consider trajectories of type x0(t) = vt + ξ(t),
where ξ(t) = ∑+∞

k=−∞ ξ k exp(−iω̃kt), with ξ−k = ξ∗
k and

ω̃−k = −ω̃k , and k = 0 omitted. The constant v is the uni-
form speed component, and the frequencies can be arbitrary,
not just integer multiples of a base frequency. The series cor-
responds to a stationary process composed of periodic com-
ponents with real frequencies ω̃k . We will study the ultra-
relativistic regime, where multipole expansions of the flux
vectors based on the ascending series of exp(−ik(ω)nξ(t))

break down. In this case, we employ steepest-descent as-
ymptotics resulting in continuous spectral densities, see
Sect. 3 and Appendix C. We use the Heaviside–Lorentz
system throughout this article, so that αe = e2/(4π�c) ≈
1/137 and αq = q2/(4π�c) ≈ 1.0 × 10−13 are the elec-
tric and tachyonic fine-structure constants. We here also
mention the ratio αq/αe ≈ 1.4 × 10−11 and the tachyon
mass mt ≈ m/238 ≈ 2.15 keV/c2, inferred from hydrogenic
Lamb shifts [5].

More specifically, we will study trajectories in the above
parameter representation, and restrict to the first two orders,
the first and second harmonics that is,

x0(ϕ) = ξ−1 + ξ0ϕ + 2Re
(
ξ1e−iω̃ϕ

)

+ 2Re
(
ξ2e−2iω̃ϕ

)
,

(2.9)
t (ϕ) = τ−1 + τ0ϕ + 2Re

(
τ1e−iω̃ϕ

)

+ 2Re
(
τ2e−2iω̃ϕ

)
,

where ξ−1,0 are real 3-vectors and τ−1,0 are real constants;
the vectors ξ1,2 and the constants τ1,2 are complex. At
this point, we do not yet decompose the exponentials into
trigonometric functions. The first two harmonics suffice to
describe all possible trajectories in electromagnetic plane
waves, see Appendices A and B. The first harmonic suffices
for particles orbiting in constant magnetic fields or circu-
larly polarized plane waves, see (B.14). The Lissajous or-
bits (B.25) in elliptically polarized waves also depend on the
second harmonic in (2.9). The steepest-descent asymptotics
employed in Sect. 3 and Appendix C also applies to trajec-
tories defined by higher harmonics, since the spectral densi-
ties for curvature radiation in the ultra-relativistic regime are
calculated with effective, uniformly curved trajectories ob-
tained by time averaging. The time-averaged orbits of con-
stant curvature (3.1) result in stationary radiation densities
(3.11). The averaging procedure (B.16) is worked out in Ap-
pendix B for trajectories in electromagnetic plane waves,
but can be applied to high-order harmonics in like man-
ner, which arise in more general field configurations such
as wave trains obtained by superposition of plane waves as
mentioned at the beginning of Appendix A. In the following,
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we put ξ2 = 0 and τ2 = 0 in (2.9), as the effective trajecto-
ries only depend on the first harmonic, see (3.6).

We first calculate the current transform Ĵ(x,ω;T ) in
(2.5) with trajectory (2.9) (ξ2 = 0, τ2 = 0) substituted. We
start by writing the phase in (2.5) as

k(ω)nx0(ϕ) − ωt(ϕ) = α−1 + α0ϕ + 2Re
(
α1e−iω̃ϕ

)
, (2.10)

αm := k(ω)nξm − ωτm,
(2.11)

αm(−ω) = −αm(ω), m = −1,0,1.

We place ξ0 in (2.11) along the z axis, ξ0 = ξ0,3e3 (with
positive or negative ξ0,3), and use the coordinate unit vector
e3 as polar axis, ne3 = cos θ . We split α1 =: α1,Re + iα1,Im,
and define 0 ≤ δ < 2π via sin δ = α1,Re/|α1| and cos δ =
α1,Im/|α1|, to obtain

k(ω)nx0(ϕ) − ωt(ϕ)

= α−1 + α0ϕ + 2|α1| sin(ω̃ϕ + δ). (2.12)

In the current transform (2.5), we substitute the differential

dx0(ϕ) = (
ξ0 + iω̃

(
ξ∗

1eiω̃ϕ − ξ1e−iω̃ϕ
))

dϕ, (2.13)

and we expand the phase of the integrand in a Fourier series
[29],

exp
(−2i|α1| sin(ω̃ϕ + δ)

)

=
+∞∑

n=−∞
Jn

(
2|α1|

)
exp

[−in(ω̃ϕ + δ)
]
. (2.14)

Here, we may also shift the summation index if convenient,
replacing n by n + 1 or n − 1 and the resulting Bessel
functions Jn±1(z) by Jn+1 = (n/z)Jn − J ′

n and Jn−1 =
(n/z)Jn +J ′

n. The dϕ integration (2.13) of the current trans-
form (2.5) is performed by means of the limit definition (2.6)
of the Dirac function,

Ĵ(x,ω;T ) = 2πqe−iα−1

+∞∑

n=−∞
e−inδδ(1)(−α0 − nω̃;Tϕ)

×
{[

ξ0 + nω̃

2|α1| i
(
ξ∗

1e−iδ − ξ1eiδ)
]
Jn

(
2|α1|

)

− iω̃
(
ξ∗

1e−iδ + ξ1eiδ)J ′
n

(
2|α1|

)}
. (2.15)

We split the amplitude ξ1 into real vectors, ξ1 =: ξ1,Re +
iξ1,Im, and substitute

i
(
ξ∗

1e−iδ − ξ1eiδ) = 2(ξ1,Re sin δ + ξ1,Im cos δ),
(2.16)

ξ∗
1e−iδ + ξ1eiδ = 2(ξ1,Re cos δ − ξ1,Im sin δ).

The polarized squares of the current transform (2.15) oc-
curring in the Poynting vectors (2.7) are calculated via the
squared limit definition (2.6) of the Dirac function,

2π

T

∣
∣εj Ĵ(x,ω;T )

∣
∣2

= (2πq)2

|τ0|
+∞∑

n=−∞
δ(2)

(−α0 − nω̃; |Tϕ |)

× (
A(j)(ω,n)J 2

n

(
2|α1|

) + B(j)(ω)J ′2
n

(
2|α1|

))
,

A(j)(ω,n) :=
[
εj ξ0 + nω̃

|α1|2 (εj ξ1,Reα1,Re

+ εj ξ1,Imα1,Im)

]2

,

B(j)(ω) := 4
ω̃2

|α1|2 (εj ξ1,Reα1,Im − εj ξ1,Imα1,Re)
2. (2.17)

In the amplitudes A(j)(ω,n) and B(j)(ω), we substitute the
polarization vectors εj defined in (C.1). The frequency de-
pendence is via α0(ω) and α1 = k(ω)ξ1,iε3ei − ωτ1, where
we can use the angular parametrization (C.2). (The tachy-
onic frequency ω is not to be confused with the angular fre-
quency ω̃ in the particle trajectory (2.9).)

In the squared current (2.17), we perform the limit
T → ∞, which amounts to replacing δ(2) by the Dirac
function δ(−α0 − nω̃). According to (2.11) and (C.2),
−α0 − nω̃ = ωτ0 − nω̃ − k(ω)ξ0,3 cos θ , where ξ0 = ξ0,3e3.
The ω zeros of the argument α0(ω) + nω̃ in the delta func-
tions are thus obtained by solving

ω − nω̃/τ0 = k(ω)υ‖ cos θ, υ‖ := ξ0,3/τ0. (2.18)

We find the zeros of the squared equation as

ω±
n = nω̃/τ0 ± υ‖βn cos θ

1 − υ2‖ cos2 θ
,

(2.19)
βn :=

√
n2ω̃2/τ 2

0 + m2
t
(
1 − υ2‖ cos2 θ

)
,

with positive ω̃ and βn. At large n, only one of the in-
dicated branches solves (2.18), due to the sign in k(ω) =
sign(ω)

√
ω2 + m2

t , see (2.3). In fact, using (2.18), we find

k
(
ω±

n

) = n(ω̃/τ0)υ‖ cos θ ± βn

1 − υ2‖ cos2 θ
, (2.20)

so that k(ω+
n ) is positive and k(ω−

n ) negative if defined via
(2.18). Thus, ω+

n is a solution of (2.18) only if it is posi-
tive, and ω−

n only if negative. (ω+
n is positive for sufficiently

large positive n, and ω−
n negative for sufficiently large neg-

ative n, provided that τ0 is positive. If τ0 is negative, ω−
n

is negative for large positive n. At small n, both or non of
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the branches ω±
n can be solutions of (2.18).) Finally, we note

the identity k(ω±
n )−ω±

n υ‖ cos θ = ±βn, based on (2.19) and
(2.20), which is useful when evaluating the delta functions
in (2.17),

δ
(−α0(ω) − nω̃

)

= 1

|τ0|
∑

±

1

βn

∣∣k
(
ω±

n

)∣∣θ
(±ω±

n

)
δ
(
ω − ω±

n

)
. (2.21)

We substitute the squared current projections (2.17) into the
flux vectors (2.7), and perform the frequency integration,
which amounts to mere book keeping by virtue of the Dirac
functions in (2.21). We find

〈
ST(j)

〉 ∼ (2πq)2n
4(2π)4r2

1

τ 2
0

+∞∑

n=−∞
S

T(j)
n ,

(2.22)
〈
SL〉 ∼ (2πq)2n

4(2π)4r2

m2
t

τ 2
0

+∞∑

n=−∞
SL

n ,

where the transversal and longitudinal flux coefficients
read

S
T(j)
n :=

∑

±

θ(±ω±
n )

βn

∣∣ω±
n

∣∣∣∣k
(
ω±

n

)∣∣2

× [
A(j)

(
ω±

n , n
)
J 2

n

(
2
∣∣α1

(
ω±

n

)∣∣)

+ B(j)
(
ω±

n

)
J ′2

n

(
2
∣∣α1

(
ω±

n

)∣∣)],
(2.23)

SL
n :=

∑

±

θ(±ω±
n )

βn

|k(ω±
n )|2

|ω±
n |

× [
A(3)

(
ω±

n , n
)
J 2

n

(
2
∣∣α1

(
ω±

n

)∣∣)

+ B(3)
(
ω±

n

)
J ′2

n

(
2
∣
∣α1

(
ω±

n

)∣∣)].

At every fixed n, there is a summation over the two roots
(2.19), indicated by ± as in (2.21).

The amplitudes A(j) and B(j) are defined in (2.17).
We note the symmetries ω±

n = −ω∓−n, k(ω±
n ) = −k(ω∓−n),

and α1(ω
±
n ) = −α1(ω

∓−n), as well as J 2−n(z) = J 2
n (z) and

J ′2−n(z) = J ′2
n (z), so that the n summation in (2.22) is sym-

metric with respect to the substitution n → −n, and we re-
place it with 2

∑∞
n=1. For notational convenience, we drop

the n = 0 term already at this stage, as the bulk of the contri-
bution in the ultra-relativistic limit is at large n. The radiant
power (2.8) is found as

P T(j) ∼
∞∑

n=1

P
T(j)
n , P L ∼

∞∑

n=1

P L
n , (2.24)

where the power and flux coefficients are related by a solid-
angle integration,

P
T(j)
n ∼ q2

8π2

1

τ 2
0

∫ 2π

0

∫ π

0
S

T(j)
n sin θ dθ dϕ,

(2.25)

P L
n ∼ q2

8π2

m2
t

τ 2
0

∫ 2π

0

∫ π

0
SL

n sin θ dθ dϕ.

The angular parametrization of the polarization vectors εj

occurring in the amplitude factors A(j) and B(j) of the
flux coefficients is defined in (C.2); the same parametriza-
tion is used for α1 in the argument of the Bessel func-
tions.

Further evaluation of the power coefficients requires
specifying the trajectory of the radiating charge, that is, the
constants in (2.9). In the next section, we derive the tachy-
onic spectral densities of ultra-relativistic electrons orbiting
in plane waves. In this case, the Bessel functions in the flux
coefficients (2.23) are replaced by the Nicholson approxi-
mation [30]

J 2
n

(
2|α1|

) ∼ 22/3

n2/3
Ai2(λ),

J ′2
n

(
2|α1|

) ∼ 24/3

n4/3
Ai′2(λ), (2.26)

λ := 21/3n2/3
(

1 − 2

n

∣∣α1
(
ω±

n

)∣∣
)

,

valid for large n and |α1|/n = O(1). The angular integra-
tion over the squared Airy integrals in the power coefficients
(2.25) is done by steepest descent in Sect. 3.

3 Tachyonic curvature radiation of electrons orbiting
in polarized plane waves

3.1 Spectral densities of ultra-relativistic electrons
in helical orbits

We consider an ultra-relativistic electron in a polarized plane
wave, the general setting is explained in Appendix A. To
find the spectral densities, we calculate the tachyonic power
coefficients (2.25) with the circular helix

x = R cos(ω̃ϕ), y = R sin(ω̃ϕ),
(3.1)

z = υ‖β̃ϕ, t = β̃ϕ,

whose parameters are determined by the time averages
(B.26) over the wave period. The helical radius, curvature
and torsion (denoted by R, κhelix and τhelix, respectively),
and the angular frequency ω̃/β̃ read
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R :=
√〈

x̂2
〉 + 〈

ŷ2
〉
,

ω̃ := υ⊥β̃

R
=

√〈x̂′2〉 + 〈ŷ′2〉
√〈x̂2〉 + 〈ŷ2〉 , β̃ :=

√〈
t ′2

〉
, (3.2)

κhelix := 1

R

υ2⊥
υ2⊥ + υ2‖

, τhelix := υ‖
υ⊥

κhelix.

The coordinate averages are explicitly given in (B.26) and
at the end of Appendix B. The longitudinal and transversal
velocity components υ‖,⊥ are stated in (B.18), in particular,
υ‖ = √〈ẑ′2〉/β̃ . The time-averaged Lorentz factor is

γav = 1
√

1 − υ2‖ − υ2⊥
, (3.3)

and the helical pitch angle αp is defined by

υ⊥ = υ sinαp, υ‖ = υ cosαp,
(3.4)

tanαp = υ⊥
υ‖

= κhelix

τhelix
,

where υ =
√

υ2‖ + υ2⊥ and 0 ≤ αp ≤ π , so that κhelix =
R−1 sin2 αp. The overall signs of the space coordinates in
(3.1) have been arbitrarily chosen, in particular υ‖ > 0. [This
is tantamount to applying space reflections to the coordinate
frame êi defined in (B.10), which does not affect the spec-
tral densities; the coordinates in (3.1) refer to the normalized
triad ê0,i , see the remarks following (B.11).] By comparing
(3.1) to the general trajectory (2.9) (with ξ2 = 0 and τ2 = 0),

x = ξ0ϕ + 2ξ1,Re cos(ω̃ϕ) + 2ξ1,Im sin(ω̃ϕ),
(3.5)

t = τ0ϕ + 2τ1,Re cos(ω̃ϕ) + 2τ1,Im sin(ω̃ϕ),

we can identify

ξ0 = (0,0, υ‖β̃), ξ1,Re = (R/2,0,0),
(3.6)

ξ1,Im = (0,R/2,0),

as well as τ0 = β̃ and τ1 = 0.
The angular parametrization of coefficient α1 in the phase

(2.10) reads

α1,Re = 1

2
k(ω)R cosϕ sin θ,

(3.7)

α1,Im = 1

2
k(ω)R sinϕ sin θ,

so that 2|α1| = kR sin θ , see (2.11) and (C.2). Returning to
the frequencies (2.19) and wave numbers (2.20), we con-
sider ω+

n for large positive n (since τ0 > 0), and find

ω+
n = nω̃

β̃

1

1 − υ‖ cos θ
+ m2

t

2

β̃

nω̃
υ‖ cos θ + O

(
n−2), (3.8)

k
(
ω+

n

) = nω̃

β̃

1

1 − υ‖ cos θ
+ m2

t

2

β̃

nω̃
+ O

(
n−2). (3.9)

The tachyonic power coefficients (2.25) can be evaluated
by steepest descent, the stationary point of 2|α1| being lo-
cated at cos θc ∼ υ‖. Details of the ultra-relativistic as-
ymptotics are given in Appendix C. The power transver-
sally and longitudinally radiated is obtained by summing
the power coefficients over the individual modes accord-
ing to (2.24). We pass to continuous frequencies by iden-
tifying ω = nωc, so that the continuous spectral densities
read pT(j),L(ω)dω = P

T(j),L
n dn, with n = ω/ωc. We use

the ultra-relativistic power coefficients (C.10), substitute the
asymptotic flux coefficients (C.9), and replace the ψ inte-
grations in (C.10) by the respective Airy identities (C.11).
The scaling frequency, ωc = ω̃/(β̃ sin2 αp), is found via the
n → ∞ limit of ω+

n in (3.8), taken at the stationary phase. In
this continuum limit, the spectral variable η in (C.11) reads

η = ω2/3

ω
2/3
a

(
1 − ω2

b

ω2

)
1

γ 2
av

,

(3.10)

ωa := ω̃

β̃
sinαp = υκhelix, ωb := mtγav,

where κhelix denotes the helical curvature in (3.2) and γav

the Lorentz factor (3.3). We can thus assemble the ultra-
relativistic transversal and longitudinal spectral densities as

pT(j)(ω) = αq

2

m2
t ω

ω2 + m2
t

(
1 − ω2

ω2
b

)

×
(∫ ∞

η

Ai(x)dx + (2 ± 1)
Ai′(η)

η

)
, (3.11)

pL(ω) = αq
m2

t ω

ω2 + m2
t

∫ ∞

η

Ai(x)dx.

These densities also apply in the lower frequency band
ω ≤ ωb, where η in (3.10) is negative. ωb is defined in
(3.10). αq in (3.11) denotes the tachyonic fine-structure con-
stant, which is not to be confused with the pitch angle αp in
(3.4) and (3.10). [We have αq = q2/(4π) in the Heaviside–
Lorentz system; also see the remarks preceding (2.9).] The
frequency ω̃ in the scale factor ωa in (3.10) is the helical
angular frequency (3.2). The upper plus sign in pT(j)(ω)

refers to the ε1 polarized component pT(1), the polariza-
tion triad being defined in (C.1). The total transversal ra-
diation density pT(ω) is found by adding the two linear
polarization components, which means to drop ±1 and the
overall factor of 1/2. The total unpolarized density is thus
pT+L(ω) := pT(1) + pT(2) + pL. We also note the |η| � 1
asymptotics of the Airy integrals [30],
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∫ ∞

|η|
Ai(x)dx = 1

3
−

∫ |η|

0
Ai(x)dx

∼ 1

2
√

π |η|3/4
exp

(
−2

3
|η|3/2

)
,

∫ ∞

−|η|
Ai(x)dx = 1

3
+

∫ |η|

0
Ai(−x)dx

(3.12)

∼ 1 − 1√
π |η|3/4

cos

(
2

3
|η|3/2 + π

4

)
,

Ai′
(|η|) ∼ −|η|1/4

2
√

π
exp

(
−2

3
|η|3/2

)
,

Ai′
(−|η|) ∼ −|η|1/4

√
π

cos

(
2

3
|η|3/2 + π

4

)
.

In the zero-field limit |η| → ∞, the distributions (3.11) con-
verge to the spectral densities (4.18) of a freely moving
charge. This residual radiation in the limit of vanishing or-
bital curvature is discussed in greater detail in Sect. 4.2.

3.2 Spectral and orbital parameters for tachyonic curvature
radiation

We summarize the parameters defining helix (3.1) and the
spectral variable η in (3.10). It is convenient to rewrite the
coordinate averages (B.26) in terms of the dimensionless
quantities

â2
cp := e2a2

cp

E2
0 |α| , m̂2 := m2

E2
0 |α| , (3.13)

P1 := e2

E4
0α2

(
(ap)2 + (bp)2),

(3.14)

P2 := e4

E4
0α2

((
a2 − b2)2 + 4(ab)2),

where

α = sign(k3) − p3

E0
, a2

cp = a2 + b2

2
, (3.15)

as defined in (B.2) and (B.20). [The sign of k3 determines
the orientation of the electromagnetic wave vector along the
e3 axis, not to be confused with the helical axis ê3 defined
in (B.10).] We also introduce the notation, see (B.11) and
(B.20),

κ2 := |ê3|2
E2

0

= 1 − |α|m̂2 + (
1 − |α|)â2

cp + â4
cp

4
. (3.16)

The 〈t ′2〉 average in (B.26) can thus be written as

β̃2 := 〈
t ′2

〉 = 1

α2

(
1 + â2

cp + â4
cp

4
+ P1

2
+ P2

32

)
. (3.17)

The longitudinal velocity υ‖ along the helical axis is

υ2‖
c2

:= 〈ẑ′2〉
β̃2

= 1

α2β̃2

[
κ2 +

(
1 + â2

cp + â4
cp

4

)
P1

2κ2

+
((

1 − |α|)2 + (
1 − |α|)â2

cp + â4
cp

4

)
P2

32κ2

]
,

(3.18)

and the transverse velocity υ⊥ along the helical base circle
(defined as in (3.1) with z = 0) reads

υ2⊥
c2

:= 〈x̂′2〉 + 〈ŷ′2〉
β̃2

= 1

|α|β̃2

[
â2

cp − (
â2

cp + m̂2) P1

2κ2

+ (
2 − |α| − m̂2) P2

32κ2

]
. (3.19)

The helical radius is calculated via (B.26) and the substitu-
tions stated at the end of Appendix B,

R2 := 〈
x̂2〉 + 〈

ŷ2〉 = c2R̃2/ω2
em,

(3.20)

R̃2 := 1

|α|
[
â2

cp−(
â2

cp + m̂2) P1

2κ2
+(

2 − |α| − m̂2) P2

128κ2

]
.

Here, we write ωem for the frequency of the electromag-
netic plane wave, and we have restored the units; κ, β̃ , and R̃

are dimensionless quantities. [In Appendices A and B, elec-
tromagnetic frequencies are denoted by ω instead of ωem

to save notation, as no confusion can arise. In Sects. 2–4,
however, ω stands for the frequency of tachyonic radia-
tion modes, for instance, in the spectral densities defined
in (3.10) and (3.11), and therefore we label electromagnetic
frequencies with a subscript ‘em’.]

The initial electronic 4-momentum is parametrized with
the injection velocity υ0,i in the usual way, E0 = mγ0 and
pi = mγ0υ0,i , where γ0 = (1 − υ2

0 )−1/2. We use a po-
lar parametrization in momentum space, with the e3 axis
(z axis) as polar axis (parallel or antiparallel to the direction
of wave propagation, see Sect. A.2 of Appendix A),

p1 = p sin θ cosϕ, p2 = p sin θ sinϕ,
(3.21)

p3 = p cos θ, p = m

√
γ 2

0 − 1,

and parametrize α in (3.15) as

α = sign(k3) −
√

γ 2
0 − 1

γ0
cos θ. (3.22)
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If the initial 3-momentum is parallel or antiparallel to the
electromagnetic wave vector, cos θ = sign(k3), we find
γ 2

0 α → sign(k3)/2 for γ0 → ∞. Thus the product E2
0 |α| in

the denominator of the scaled quantities in (3.13) and (3.14)
is bounded from below.

The time-averaged Lorentz factor in (3.3) can be written
as

γav = γ0|α|β̃, (3.23)

where γ0 is the initial Lorentz factor E0/m; this follows
from (3.17)–(3.19), (B.27), and (B.28). The ultra-relativistic
limit, γav � 1, can be realized by γ0 � 1 and/or âcp � 1, see
(3.17). The spectral variable η in (3.10) depends on the pitch
angle αp in (3.4) as well as the helical angular frequency
ω̃ = υ⊥β̃/R in (3.2), both of which enter into the scale fac-
tor ωa. As γav � 1 requires υ ≈ 1 according to (3.3) and
(3.4), we can approximate sinαp ≈ υ⊥, and put ωa = υ2⊥/R

in (3.10). ωa scales linearly with the electromagnetic fre-
quency, ωa ∝ ωem.

Remarks
(1) As for the longitudinal velocity υ‖, we note that

υ‖ ∼ 1 in the limit âcp � 1 (with γ0 � 1) as well as in the
limit âcp � 1 (irrespectively of the magnitude of γ0). Only if
âcp = O(1) (and thus γ0 � 1 to guarantee γav � 1), the ve-
locity components υ‖ and υ⊥ ≈ sinαp can have comparable
magnitude. The ultra-relativistic limit, γav � 1, is always re-
alized if γ0 � 1. It is also realized if âcp � 1, irrespectively
of γ0. (γ0 does enter in âcp, though.) The spectral densities
(3.11) only apply in the ultra-relativistic regime, γav � 1.

(2) Helix (3.1) refers to the triad ê0,i defined after (B.11).
This triad can be subjected to space reflections, which do
not affect the spectral densities. The electromagnetic wave
vector and the initial 3-momentum pi refer to the coordinate
vectors ei , from which the triad ê0,i is obtained by a rotation;
the wave propagates along the e3 axis (z axis), see Sect. A.2
of Appendix A, in particular the derivation of action (A.17).

(3) To compare to tachyonic synchrotron radiation in a
constant magnetic field [6] oriented along the z axis, we
consider the synchrotron trajectory x = R cos(ωBt), y =
R sin(ωBt), z = υ‖t , where gyrofrequency, magnetic field,
and Lorentz factor are related by ωB = eB/(mγ ). The gy-
roradius is R = υ⊥/ωB , and the velocity components along
the base circle and the helical axis are υ⊥ = υ sin θ and
υ‖ = υ cos θ . The pitch angle αp coincides with the polar

angle θ in (3.21), cf. after (B.6), and υ = √
γ 2 − 1/γ . In

contrast to motion in an electromagnetic plane wave, the
Lorentz factor γ and the orbital speed υ coincide with their
initial values. The tachyonic synchrotron densities read as in
(3.10) and (3.11), with ωa = ωB sin θ and γav = γ .

4 Polarized superluminal radiation from
ultra-relativistic electrons

We study more quantitatively the tachyonic spectral den-
sities derived in (3.10) and (3.11), considering two differ-
ent limits. First, we discuss superluminal curvature radia-
tion emitted by electrons orbiting in laser beams, and give
numerical estimates assuming ultra-relativistic injection en-
ergy and a high-intensity wave field. Figure 1 illustrates
the effect of orbital curvature on the radiation density. In
Sect. 4.2, we investigate the opposite limit, the residual ra-
diation of ultra-relativistic electrons in the limit of vanish-
ing electromagnetic field strength and orbital curvature. To
this end, we consider ultra-relativistic thermal electron pop-
ulations in active galactic nuclei, and average the radiation
densities over the electron distributions. Figures 2–4 show
cascade spectra fitted to the TeV spectral maps of two active
galactic nuclei. Based on these fits, one can infer the thermo-
dynamic parameters of the electron plasma in the galactic
nuclei.

4.1 Transversal and longitudinal tachyons emitted by
electrons in ultra-intense laser beams

We discuss the tachyonic spectral densities (3.11) of elec-
trons injected into intense laser fields. The spectral variable
η in (3.10) depends on the initial electronic momentum as
well as the electromagnetic wave vector, amplitude, and po-
larization. It is useful to adopt a dimensionless parametriza-
tion of the spectral densities. The squared amplitude of the
electromagnetic plane wave (A.8) is 2a2

cp = a2 + b2, where
ai = (a1, a2,0) and bi = (b1, b2,0) are electromagnetic po-
larization vectors defined before (B.20). The time averages
of the field strengths, the energy density ρem, and the energy
flux are readily calculated,
〈
AμAμ

〉 = a2
cp, 〈ρem〉 = 〈

E2〉 = 〈
B2〉 = ω2

ema2
cp,

(4.1)
〈E × B〉 = 〈ρem〉k0.

(ωemis the frequency of the plane wave; the subscript has
been dropped in Appendices A and B.) We restore the units.
In the Heaviside–Lorentz system, αem := e2/(4π�c) ≈
1/137, and ρem = (1/2)(E2 + B2), so that 〈ρem〉 =
ω2

ema2
cp/c

2. The dimension of the E and B fields is
√

eV/cm3, and the electromagnetic flux vector reads S =
cE × B. We use orthogonal polarization vectors, placing
ai = ae1 and bi = be2 along the x and y axes, and scale
them in atomic units, (a, b) = (mc2/e)(a0, b0), so that a0

and b0 are dimensionless constants. Stokes parameters s0,1

are employed instead of a0 and b0,

s0 := a2
0 + b2

0, s1 := a2
0 − b2

0, a2
cp = m2c4

e2

s0

2
.

(4.2)
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Fig. 1 Superluminal spectral densities of an ultra-relativistic electron
orbiting in a linearly polarized electromagnetic plane wave as defined
in (3.10) and (3.11). pL+T is the total unpolarized density, pL the
longitudinal component, rescaled in the figure with the tachyonic fine-
structure constant αq. Electromagnetic input parameters: wavelength
λem = 1 µm, Stokes parameters s0 = s1 = 103 (as defined in (4.2)),
intensity Iem ≈ 1.37 × 1021 W/cm2. The electronic injection energy
is E0 = 50 MeV, with initial momentum antiparallel to the electro-
magnetic wave vector. The spectral densities are calculated with a
time-averaged effective electron trajectory, a helical orbit defined by

pitch angle sinαp ∼ 0.226, radius R ≈ 1.82×10−6 cm, gyrofrequency
ωa/ sinαp ≈ 2.45 eV, and Lorentz factor γav ≈ 99.1, cf. (4.10)–(4.13).
The spectral peak is located at the tachyon mass, mt ≈ 2.15 keV, fol-
lowed by an X-ray tail extending to the break frequency (4.10) at
ωb ≈ 213 keV, where exponential decay sets in (outside the depicted
frequency range). The oscillations in the slope of the longitudinal den-
sity pL are absent in the unpolarized density pL+T = pL + pT, as
they are compensated by the oscillations of the transversal radiation
component pT (not shown in the figure)

As for the averaged intensity, 〈Iem〉 = c〈ρem〉, we find

〈Iem〉 = 1

8π

m2c2

�αem
ω2

ems0 = π

2

m2c4

�αem

s0

λ2
em

, (4.3)

〈ρem〉[J/cm3] ≈ 4.564 × 107 s0

λ2
em[μm]

≈ 2.969 × 1019s0E
2
em[MeV], (4.4)

〈Iem〉[W/cm2] ≈ 1.368 × 1018 s0

λ2
em[μm]

≈ 8.900 × 1029s0E
2
em[MeV], (4.5)

where Eem is the photon energy �ωem and λem the (unre-
duced) wavelength, λem[cm] ≈ 1.240 × 10−7/Eem[keV],
and νem[Hz] ≈ 2.418 × 1017Eem[keV].

We define the averaged field strength as |E|av := √〈E2〉
and analogously |B|av, so that |E|av = |B|av = √〈ρem〉.
By making use of

√
J/cm ≈ 9.480 × 105 V and V/cm ≈

3.336 × 10−3 G, we find, in the Heaviside–Lorentz system,

|E|av ≈ 6.404 × 109
√

s0

λem[μm]
V

cm

≈ 5.166 × 1015√s0Eem[MeV] V

cm
, (4.6)

|B|av ≈ 2.136 × 107
√

s0

λem[μm]G

≈ 1.723 × 1013√s0Eem[MeV]G. (4.7)

[As mentioned above and in Sects. 2 and 3, we use the

Heaviside–Lorentz system in this article. In the Gaussian

system, these field strengths are multiplied by a factor

of
√

4π , as the fine-structure constant in this system is de-

fined by e2/(�c) ≈ 1/137, so that e|E|av, e|B|av, and e2a2
cp

stay invariant. The energy density (4.4) and intensity (4.5)

are not affected by this rescaling and thus also apply in the

Gaussian system without alterations.] We consider optical

and near-infrared wavelengths centered around 1 μm, such

as 800 nm for a Ti:sapphire laser, 1064 nm for a Nd:YAG

laser (532 nm if frequency-doubled), 248 nm for a KrF laser,

and 10.6 µm for a CO2 laser. At these wavelengths, high and

ultra-high intensities (in the range 1015–1018 W/cm2 and

1018–1021 W/cm2, respectively [32, 33]) imply amplitudes

in the interval 10−3 ≤ s0 ≤ 103 according to (4.5), and we

note Eem[keV] ≈ 1.240 × 10−3/λem[μm].
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The dimensionless coefficients in (3.13) and (3.14) oc-
curring in the spectral variable η are parametrized as

â2
cp = s0

2γ 2
0 |α| , m̂2 = 1

γ 2
0 |α| , (4.8)

P1 = γ 2
0 − 1

2γ 4
0 α2

(
s0 + s1 cos(2ϕ)

)
sin2 θ, P2 = s2

1

γ 4
0 α2

.

(4.9)

Here, we use the Stokes parameters (4.2), as well as the po-
lar (γ0, θ, ϕ) parametrization (3.21) of the initial electronic
momentum, and substitute α(γ0, θ; sign(k3)) as defined in
(3.22). The electromagnetic wave vector is sign(k3)ωeme3,
the wave propagation being parallel or antiparallel to the z

axis according to sign(k3). (This convention is also used in
the derivation of action (A.17).) The transversal and longi-
tudinal velocity components υ⊥,‖ and the helical radius R

in (3.18)–(3.20) are parametrized by substituting the coef-
ficients (4.8) and (4.9). The scale factor ωa in η is para-
metrized via ωa = υ2⊥/R, according to (3.10) and the dis-
cussion following (3.23). The tachyonic break frequency ωb

enters in η and separately in the transversal spectral density
in (3.11). ωb and the time-averaged Lorentz factor γav are
parametrized via ωb/mt = γav = γ0|α|β̃ , see (3.23), with β̃

defined by (3.17), with (4.8) and (4.9) substituted.
To summarize, the spectral variable η in (3.10) is assem-

bled as

η(ω) = (ω/ωa)
2/3

(
1 − ω2

b

ω2

)
1

γ 2
av

,

(4.10)

ωa = υ2⊥
c2

Eem

�

1

R̃
, ωb = mtc

2

�
γav, γav = γ0|α|β̃.

Here, ω is the frequency of the radiated tachyons as it occurs
in the spectral densities (3.11), and Eem = �ωem. The para-
meters α and β̃ are defined in (3.22) and (3.17) respectively,

α = sign(k3) −
√

γ 2
0 − 1

γ0
cos θ,

(4.11)

β̃ = 1

|α|

√

1 + â2
cp + â4

cp

4
+ P1

2
+ P2

32
,

where sign(k3) indicates the orientation of the electromag-
netic wave vector along the z axis. The velocity component
υ⊥ along the helical base circle, see (3.19), and the helical
radius R = cR̃/ωem in (3.20) are parametrized as

υ2⊥
c2

= 1

|α|β̃2

[
â2

cp − (
â2

cp + m̂2) P1

2κ2
+(

2 − |α| − m̂2) P2

32κ2

]
,

(4.12)

R̃ = 1√|α|

√

â2
cp − (

â2
cp + m̂2

) P1

2κ2
+ (

2 − |α| − m̂2
) P2

128κ2
,

where we substitute α and β̃ in (4.11), as well as κ2 intro-
duced in (3.16),

κ2 = 1 − |α|m̂2 + (
1 − |α|)â2

cp + â4
cp/4. (4.13)

It is understood that the quantities â2
cp, m̂

2, and P1,2 occur-
ring in (4.11)–(4.13) are parametrized as in (4.8) and (4.9).
The Lamb-shift estimate of the tachyon mass is mtc

2 ≈
2.15 keV [18]. The initial Lorentz factor is related to the
injection energy by γ0 ≈ 1957E0[GeV], and the helical
radius to the photon energy �ωem by R[cm] ≈ 1.973 ×
10−8R̃/Eem[keV].

We briefly enumerate the parameters in the spectral vari-
able η(ω;γ0, θ, ϕ;ωem, sign(k3), s0, s1) in (4.10). ω is the
radiated tachyonic frequency. The parameters (γ0, θ, ϕ) re-
fer to the injection energy and the initial 3-momentum of

the electron, p3 = p cos θ,p = m

√
γ 2

0 − 1, with polar axis
(anti-)parallel to the electromagnetic wave vector (0,0, k3),
|k3| = ωem, see (3.21). The azimuthal ϕ enters into η only
via P1 in (4.9), and drops out in the case of circular polariza-
tion, which means s1 = 0 in (4.2). The remaining four para-
meters in η determine the electromagnetic plane wave. The
frequency ωem enters into the helical radius, R ∝ 1/ωem, ac-
cording to (3.20) and (4.12). The orientation sign(k3) of the
wave vector enters in α, see (4.11). Amplitude

√
s0 and po-

larization s1/s0 enter into η via coefficients (4.8) and (4.9).
We also mention that −1 ≤ s1/s0 ≤ 1, and s1 = ±s0 holds
for linear polarization. The squared amplitude s0 is deter-
mined by intensity Iem and frequency ωem, as stated in (4.5).
The tachyonic break frequency ωb and the time-averaged
electronic Lorentz factor γav depend on the same set of pa-
rameters as η, except for the frequencies ω and ωem, see
(4.10).

In Fig. 1, we depict the longitudinal as well as the total
unpolarized spectral densities, that is pL(ω) and pT+L(ω)

in (3.11), of an electron colliding head-on with a linearly
polarized plane wave. The electron moves along the z axis
(θ = 0), antiparallel to the plane wave, sign(k3) = −1. The
electromagnetic wavelength is λem = 1 µm, corresponding
to a photon energy of Eem ≈ 1.24 eV. The Stokes parame-
ters defined in (4.2) are s0 = s1 = 103, which amounts to an
intensity of Iem ≈ 1.37×1021 W/cm2. The electronic injec-
tion energy and the initial Lorentz factor are E0 = 50 MeV
and γ0 ≈ 97.9. These input parameters result in a time-
averaged Lorentz factor of γav ≈ 99.1 with velocity com-
ponents υ⊥/c ≈ 0.226 and υ‖/c ≈ 0.974, a helical radius
R ≈ 1.82 × 10−6 cm, and a pitch angle sinαp ∼ υ⊥/c. The
frequencies defining the spectral variable η(ω) in (4.10) read
�ωa ≈ 0.552 eV and �ωb ≈ 213 keV. At this beam intensity,
oscillations emerge in the longitudinal and transversal spec-
tral slopes [7, 21], due to the negative mass-square of the
radiation.
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Fig. 2 Spectral map of the BL Lac object RGB J0152 + 017. Data
points from Ref. [24]. The solid line T + L depicts the unpolarized
differential tachyon flux dNT+L/dE, obtained by adding the flux den-
sities ρ1,2 of two thermal ultra-relativistic electron populations, and
rescaled with E2 as in (4.20) for better visibility of the spectral cur-
vature. The transversal (T, dot-dashed) and longitudinal (L, double-
dot-dashed) flux densities dNT,L/dE add up to the total unpolarized

flux T + L = ρ1 + ρ2. The exponential decay of the cascades ρ1,2 sets
in at about Ecut ≈ (mt/m)kT , where mt/m ≈ 1/238 is the tachyon–
electron mass ratio, implying cutoffs at 2.4 TeV for the ρ1 cascade and
160 GeV for ρ2. The least-squares fit is performed with the unpolar-
ized tachyon flux T + L, and subsequently split into transversal and
longitudinal components. Temperature and source count of the thermal
electron plasma generating the cascades are recorded in Table 1

4.2 Tachyonic cascade spectra of ultra-relativistic electron
plasmas in active galactic nuclei

The spectral densities (3.11) refer to single charges. We av-
erage them with electronic power-law distributions, dρ ∝
E−2−α

0 e−E0/(kT ) d3p, where we use the polar (γ0, θ, ϕ)

parametrization (3.21), d3p = p2 dp sin θ dθ dϕ, with p =
m

√
γ 2

0 − 1 and E0 = mγ0, to factorize the electron density
as

dρα,β(γ0, θ, ϕ) := 1

4π
sin θ dθ dϕ dρα,β(γ0), (4.14)

dρα,β(γ0) := Aα,βγ −α−1
0 e−βγ0

√
γ 2

0 − 1 dγ0,

γ1 ≤ γ0 < ∞, (4.15)

with cutoff exponent β = mc2/(kT ) and normalization fac-
tor Aα,β . The electronic Lorentz factors range in the inter-
val γ1 ≤ γ0 < ∞, and α is the electronic power-law index.
The spectral fits of the active galactic nuclei discussed after
(4.19) are performed with ultra-relativistic multi-component
plasmas in the collisionless regime [34], with thermal dis-
tribution functions defined by α = −2 and γ1 = 1 in (4.15).
The (γ0, θ, ϕ) parametrization of the tachyonic spectral den-
sities pT(j),L(ω;γ0, θ, ϕ) in (3.11) is explained after (4.9);
the solid-angle average in (4.14) is carried out as [35]

〈
pT(j),L(ω;γ0)

〉
Ω

:= 1

4π

∫ 2π

0

∫ π

0
pT(j),L(ω;γ0, θ, ϕ) sin θ dθ dϕ, (4.16)

and the average over the electronic Lorentz factors is per-
formed with density dρα,β(γ0) in (4.15),

〈
pT(j),L(ω;γ1, n1)

〉
α,β

:=
∫ ∞

γ1

〈
pT(j),L(ω;γ0)

〉
Ω

dρα,β(γ0). (4.17)

In the limit |η| → ∞ (that is, for vanishing helical curva-
ture, κhelix → 0, at fixed frequency ω, see (3.10)), the spec-
tral densities (3.11) converge to the radiation densities of a
uniformly moving charge,

pT,L(ω, γ ) = αqm
2
t ω

ω2 + m2
t

[
γ 2 −

(
1 + ω2

m2
t

)
�T,L

]

× 1

γ
√

γ 2 − 1
, (4.18)

which readily follows from the asymptotic limits of the Airy
integrals in (3.12). Here, �T = 1 refers to the transversal ra-
diation, and �L = 0 defines the longitudinal component. In
deriving (4.18), we have summed over the two transversal
polarization components, pT = pT(1) + pT(2), and dropped
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the subscript zero of the electronic Lorentz factor γ . A spec-
tral cutoff occurs at ωmax(γ ) = mt

√
γ 2 − 1; only frequen-

cies in the range 0 < ω < ωmax(γ ) are radiated by a freely
moving inertial charge. ωmax is the counterpart to the break
frequency ωb in (4.10), where the exponential decay of den-
sities (3.11) sets in. The spectral averages (4.16) and (4.17)
can be reduced to [36]
〈
pT,L(ω)

〉
α,β

=
∫ ∞

γ1

pT,L(ω, γ )θ
(
ωmax(γ ) − ω

)
dρα,β(γ ), (4.19)

with electron density dρα,β(γ ) in (4.15).
The limit |η| → ∞ is realized by vanishing field strength,

a2
cp → 0 or ωem → 0 according to (4.1), (4.2), and (A.8),

so that ωa → 0 in (4.10). The helical orbits degenerate
into inertial motion along straight lines, satisfying the free
Hamilton–Jacobi equation (A.1). The fact that inertial par-
ticles can emit superluminal radiation is a consequence of
the tachyon mass in the Proca Lagrangian (1.1). (In the
limit mt → 0, the highest frequency radiated, ωmax(γ ), ap-
proaches zero.) The residual density (4.18) in the limit of
vanishing orbital curvature is due to the negative mass-
square of the tachyonic radiation modes, and in strong con-
trast to electromagnetic radiation processes, which require
acceleration.

The most pronounced difference between electromag-
netic and tachyonic radiation lies in the emission process
itself. Freely moving electrons can radiate superluminal
quanta. Radiation densities attached to a uniformly mov-
ing charge have no analog in vacuum electrodynamics, their
very existence has substantial implications for the spacetime
structure, requiring a cosmic absorber medium that breaks
the time symmetry of the emission process [37, 38]. The
tachyonic radiation densities (4.18) depend on the electronic
Lorentz factor in the rest frame of the absorber. The Green
function of this radiation process is time symmetric, there is
no retarded propagator supported outside the lightcone [39].
The advanced modes of the radiation field are converted into
retarded ones by virtue of a nonlocal, instantaneous interac-
tion with the cosmic absorber medium. The latter also de-
fines a universal frame of reference necessary to render the
superluminal signal transfer causal. The time symmetry of
the Green’s function implies that there is no radiation damp-
ing, the radiating charge stays in uniform motion. The en-
ergy radiated is supplied by the oscillators constituting the
absorber medium.

The Wheeler–Feynman absorber theory [37] was mo-
tivated by Dirac’s covariant version of classical radiation
damping [40–42], where the absorber field, half-retarded
minus half-advanced, enters as Lorentz force. In Dirac’s the-
ory, this field is not perceived as stemming from an absorber
medium, but rather as generated by the charge itself; the ab-
sorber field does not show as radiation field in the equations

of motion, but is exclusively applied along the trajectory of
the charge, defining the damping force. In Sect. 2, we have
elaborated on superluminal radiation fields at large distance
from the source, the opposite limit, as the asymptotic fields
suffice to calculate the spectral densities. It is better not
to rely on the short distance behavior of Green functions,
since the self-energy problem indicates that Maxwell’s the-
ory may just be the asymptotic limit of a nonlinear Born
−Infeld type of electrodynamics [43]. If so, it is not advis-
able to use the linearized theory in the vicinity of the radiat-
ing sources. The same holds for the Proca field (1.1).

Wheeler and Feynman designed the absorber theory for
electrodynamics, and they interpreted the half-retarded mi-
nus half-advanced Liénard–Wiechert potential as generated
by an absorber medium, which they proposed to be the
collection of electric charges in the universe [37]. They
used this potential in an action-at-a-distance electrodynam-
ics [38], in an attempt to solve the radiation damping prob-
lem. In the Maxwell theory, an absorber field is not neces-
sary, as there is a retarded Green function. Outside the light-
cone, however, retardation can only be achieved by an ab-
sorber field [39], as the Green’s function supported there is
time symmetric.

In the spectral fits of the galactic nuclei in Figs. 2–4,
electromagnetic emission processes and radiation damping
need not be considered, as the radiation is generated by uni-
formly moving charges, and inertial particles cannot emit
photons. Additional electromagnetic or hadronic radiation
mechanisms resulting in photonic TeV γ -rays are possible,
but this needs further assumptions, such as a proton distri-
bution giving rise to proton-proton scattering followed by
pion decay, or a seed photon distribution for inverse Comp-
ton scattering. In any case, the tachyonic cascade fits dis-
cussed below require fewer input parameters than electro-
magnetic or hadronic processes, namely temperature and
number count of the ultra-relativistic electron plasma, see
the caption of Table 1. As the observed spectra are quite ef-
ficiently fitted with tachyonic cascades, it is not necessary to
assume admixtures of electromagnetic or hadronic radiation
processes.

The spectral fits are performed with the classical radi-
ation density (4.18). Its quantized counterpart [7, 17] only
differs by terms depending on the tachyon-electron mass ra-
tio, which are too small to noticeably affect the fits, see the
caption to Fig. 2. The spectral densities (3.11) and their limit
(4.18) for vanishing electromagnetic field strength are clas-
sical. Quantum corrections can be calculated by assembling
the current (matrix) defining the flux vectors in Sect. 2 with
the eigenmodes of the Dirac equation in the electromagnetic
plane wave [44].

Figure 2 shows the tachyonic spectral map of the TeV
blazar RGB J0152+017, at a redshift of z ≈ 0.080 [24, 45],
which translates into a distance of 350 Mpc via d[Mpc] ≈
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Fig. 3 γ -Ray wideband of the
blazar 3C 66A. Notation as in
Fig. 2. VERITAS flux points
from Ref. [25], MAGIC data
points refer to the TeV source
MAGIC J0223 + 430 [26].
Upper flux limits from STACEE
[47], Whipple [48], and
HEGRA [49]. The EGRET
bow-tie [47] refers to the
associated γ -ray source 3EG
J0222 + 4253. The unpolarized
tachyon flux T + L = ρ1 + ρ2 is
generated by a two-component
electron plasma, see Table 1.
The cutoff energies are 550 GeV
for the ρ1 cascade and 72 GeV
for ρ2. The spectral plateau in
the MeV–GeV range is also
visible in the preliminary
Fermi-LAT data [45]

4.4 × 103z (h0 ≈ 0.68). The cascades are plots of the E2-
rescaled flux densities

E2 dNT,L

dE
= ω

4πd2

〈
pT,L(ω)

〉
α,β

, (4.20)

where d is the distance to the source, and 〈pT,L(ω = E/�)〉
the averaged transversal/longitudinal spectral density (4.19).
The least-squares fit is performed with the unpolarized flux
density dNT+L = dNT +dNL. The details of the spectral fit-
ting have been explained in [35], and the parameters of the
electron distribution dρα,β are listed in Table 1. The elec-
tronic source number is calculated via

ne ≈ 5.75 × 1055n̂d2[Mpc], (4.21)

where n̂ is the tachyonic flux amplitude extracted from the
χ2 fit. TeV γ -ray spectra of active galactic nuclei are usu-
ally assumed to be generated by inverse Compton scatter-
ing or proton-proton scattering. Both mechanisms result in
a flux of high-energy photons partially absorbed by interac-
tion with the infrared background radiation. By contrast, the
extragalactic tachyon flux is not attenuated by interaction
with the background light. The spectral curvature apparent
in double-logarithmic plots of the E2-rescaled flux densi-
ties (4.20) is intrinsic, caused by the Boltzmann factor of
the electron distributions (4.15) generating the tachyon flux
[28, 46].

The tachyonic cascade fit of the BL Lac object 3C 66A
[25, 26, 47–49] is shown in Figs. 3 and 4. The redshift
z ≈ 0.444 of 3C 66A implies a distance of 1.95 Gpc, and
the electron number ne of the source plasma is estimated by
means of (4.21). The cutoff parameter of the thermal cas-

cades is related to the electron temperature by kT [TeV] ≈
5.11 × 10−7/β , and the internal energy of the electron pop-
ulations in Table 1 is based on U [erg] ∼ 2.46 × 10−6ne/β

[36], which is the high-temperature limit of the internal en-
ergy of a thermal (α = −2, γ1 = 1) ultra-relativistic source
distribution (4.15). As mentioned above, there is no ab-
sorption of tachyonic γ -rays, since tachyons cannot inter-
act with photons. We may compare Fig. 4 to the spec-
tral maps of the BL Lac objects W Comae (z ≈ 0.102,
450 Mpc), 1ES 2344+514 (z ≈ 0.044, 190 Mpc), and PG
1553 + 113 (z ≈ 0.36, 1.6 Gpc) in [46], as well as to the
cascade spectra of H2356 − 309 (z ≈ 0.165, 730 Mpc), 1ES
1218 + 304 (z ≈ 0.182, 800 Mpc) and 1ES 1101 − 232
(z ≈ 0.186, 820 Mpc) in [20], and of the Markarian galaxy
Mkn 421 (z ≈ 0.031, 140 Mpc) in [50]. The curvature in the
spectral slopes of these BL Lacs is more pronounced than
of the blazar 3C 66A, even though they have a lower red-
shift. That is, if the curvature were generated by intergalac-
tic absorption, the spectral slopes of the more distant sources
should be more strongly curved than that of 3C 66A, but one
arrives at the opposite result when comparing the quoted
spectral maps with 3C 66A in Figs. 3 and 4. This leads to
the conclusion that the curvature in the γ -ray spectra of TeV
blazars is uncorrelated with distance. The curvature of the
cascades depicted in Figs. 2–4 is generated by the Boltz-
mann factor of the electron plasma in the galactic nuclei.
One may also compare with the Galactic γ -ray binary LS
5039, whose spectral map [36] is more strongly curved than
of the galactic nucleus 3C 66A.

We have studied here TeV spectra. Tachyonic spectral fit-
ting in the soft γ -ray band is discussed in [23, 51], where
we fit γ -ray burst spectra generated by nonlocal plasma cur-
rents.
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Fig. 4 Close-up of the high-energy spectral slope of the BL Lac object
3C 66A in Fig. 3. T and L stand for the transversal and longitudinal
flux components, and T + L labels the unpolarized flux. The first two
MAGIC points have not been included in the χ2 fit, but turn out to be
located on the transversal flux component, suggesting the γ -ray source
MAGIC J0223 + 430 to be associated with blazar 3C 66A. The curva-

ture of the spectral slope is comparable to that of RGB J0152 + 017 in
Fig. 2 at a much lower redshift, see Table 1. The spectral curvature of
the rescaled flux density E2 dNT+L/dE is uncorrelated with redshift,
and generated by the Boltzmann factor of the thermal electronic source
plasma in the galactic nucleus

Table 1 Electronic source distributions ρi generating the tachyonic
cascade spectra of the BL Lac objects RGB J0152 + 017 and 3C 66A
in Figs. 2–4. Each ρi stands for a thermal ultra-relativistic Maxwell–
Boltzmann density (defined by α = −2 and γ1 = 1 in (4.15)) with cut-
off parameter β in the Boltzmann factor. n̂ determines the amplitude of
the tachyon flux as well as the normalization of the electron density ρi ,

from which the electron count ne is inferred at the indicated distance
d , cf. (4.21). kT is the temperature and U the internal energy of the
thermal electron plasma. The tachyonic γ -ray cascades labeled ρ1,2 in
the figures are produced by the corresponding electronic source distri-
butions in this table; each cascade depends on two fitting parameters β

and n̂ extracted from the χ2 fit T + L depicted in the figures

β n̂ d ne kT (TeV) U (erg)

RGB J0152 + 017 z ≈ 0.080

ρ1 8.96 × 10−10 5.1 × 10−5 350 Mpc 3.6 × 1056 570 9.9 × 1059

ρ2 1.34 × 10−8 2.9 × 10−4 2.1 × 1057 38 3.8 × 1059

3C 66A z ≈ 0.444

ρ1 3.91 × 10−9 1.0 × 10−4 1.95 Gpc 2.2 × 1058 130 1.4 × 1061

ρ2 2.99 × 10−8 1.9 × 10−3 4.2 × 1059 17 3.4 × 1061

5 Conclusion

We derived the tachyonic spectral densities of electrons ac-
celerated in ultra-intense laser fields, and discussed their de-
pendence on the beam intensity, wavelength, and polariza-
tion. The acceleration of the radiating electron is manifested
in modulations along the power-law slopes of the transversal
and longitudinal radiation components, see Fig. 1. The po-
larization of tachyons can be determined from the transver-
sal and longitudinal ionization cross-sections of Rydberg
atoms, which peak at different scattering angles [52]. We
considered ultra-relativistic electron orbits, resulting in con-

tinuous spectral densities. Non-relativistic motion in plane
waves gives rise to discrete, cyclotron-like spectra [53]. In
this case, one has to use the exact orbits instead of their time
averages when calculating the tachyonic power coefficients,
and a multipole expansion of the superluminal flux vec-
tors instead of the steepest-descent asymptotics employed
in Sect. 3 and Appendix C to derive the continuous spectral
densities.

In Figs. 2–4, we fitted the spectral maps of TeV blazars
with tachyonic cascade spectra, and resolved the transver-
sal and longitudinal polarization components. The spectral
curvature as well as the spectral plateau in the MeV–GeV
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range, which emerges in the rescaled logarithmic flux rep-
resentation used in the figures, can be fitted with superlu-
minal γ -ray cascades generated by thermal electron popu-
lations in the active galactic nucleus. Traditional radiation
mechanisms such as inverse Compton scattering fail to re-
produce extended spectral plateaus, a fact often concealed
by compression in broadband maps. We showed that ab-
sorption of electromagnetic radiation due to interaction with
background photons is not a viable explanation of spectral
curvature, since the curvature would increase with distance
if affected by intergalactic absorption. This is not the case
as pointed out in Sect. 4.2 and the caption to Fig. 4, whereas
tachyonic γ -rays propagate unattenuated over intergalactic
distances. The curvature of the cascade spectra is intrinsic,
generated by the Boltzmann factor of the electronic source
plasma.
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Appendix A: Ultra-relativistic charges in wave pulses
and plane waves

A.1 Fourier decomposition of the action functional

We start with the Hamilton–Jacobi equation for a charge e

in an electromagnetic wave,

ημν(S,μ − eAμ)(S,ν − eAν) + m2 = 0, (A.1)

where the sign convention is ημν = diag(−1,1,1,1). With
regard to energy, the convention is pμ = (−E,p) for parti-
cles and kμ = (−ω,k) for photons, with E > 0 and ω = |k|.
In the case of a free particle, these sign conventions are
such that the action reads S = pμxμ = −Et + px, with
E = √

p2 + m2, p = |p|, and pμpμ = −m2.
We consider an electromagnetic pulse composed of plane

waves with wave vectors aligned in the same direction. That
is, we attach to every frequency ωn a wave vector kμ,n :=
ωnk̂μ, with k̂μ := (−1,k0), where k0 is an arbitrary real unit
vector, the same for all modes. We define ϕ := −k̂μxμ =
t −k0x, so that kμ,nx

μ = −ωnϕ, and consider the wave train
Aμ = ∑

Ãμ,n exp(−iωnϕ)+ c.c., where the amplitudes sat-
isfy the Lorentz condition Ãμ,nk̂

μ = 0. Otherwise, the Ãμ,n

are arbitrary constant complex 4-vectors. The frequencies
ωn are positive, typically multiples ωn = nω of a base fre-
quency ω, but it is convenient to formally extend the summa-
tion to include negative frequencies, defining ω−n = −ωn

and Ãμ,−n = Ã∗
μ,n, as well as Ãμ,0 = 0, and ω0 = 0, so that

Aμ(ϕ) = ∑+∞
n=−∞ Ãμ,n exp(−iωnϕ). This wave field satis-

fies the Lorentz condition Aμk̂μ = 0. We may put A0 = 0
via a gauge transformation, Aμ → Aμ − ∂μχ , with χ(ϕ) =∫

A0(ϕ)dϕ, but we do not assume this at this stage. To solve
(A.1), we use the ansatz [44, 54–56]

S = pμxμ +
∫

f (ϕ)dϕ, (A.2)

so that S,μ = pμ − f (ϕ)k̂μ, and obtain

f (ϕ) = − 1

2k̂μpμ

(
2eAμpμ − e2AμAμ − pμpμ − m2).

(A.3)

We put p2 = −m2 and drop the last two terms in (A.3).
[Indices in scalar products of 4-vectors will usually not
be indicated. For instance, we write kp for kμpμ :=
−k0p0 + kmpm, where kμ = (k0, km) and pμ = (p0,pm);
the sign convention for the Minkowski metric is thus ημν =
diag(−1,1,1,1). Greek indices are used for 4-vectors, Latin
ones for 3-vectors.] In fact, if this relation does not hold, we
may replace pμ in S by p′

μ := pμ − κk̂μ without altering
the value of S, where κ is an arbitrary constant. To obtain
p′2 = −m2, we choose κ = (p2 + m2)/(2k̂p). Hence,

f (ϕ) = − 1

k̂μpμ

[
e
∑

n

ãn exp(−iωnϕ)

− e2

2

∑

m,n
m+n�=0

b̃mn exp(−iωmnϕ) − e2

2
b̃0

]
, (A.4)

where n and m run over all integers, and we introduce the
notation ωmn := ωm + ωn and

ãn := Ãμ,np
μ, b̃mn := Ãμ,mÃμ

,n,
(A.5)

b̃0 :=
∑

n

Ãμ,−nÃ
μ
,n.

The action thus reads

S = S0 + Ŝ(ϕ), S0 := pμxμ + e2b̃0ϕ

2k̂μpμ
,

(A.6)

Ŝ(ϕ) :=
∫

f (ϕ)dϕ − e2b̃0ϕ

2k̂μpμ
,

where we substitute f (ϕ) to find

Ŝ(ϕ) = 1

k̂μpμ

[
e
∑

n

ãn

iωn

exp(−iωnϕ)

− e2

2

∑

m,n
m+n�=0

b̃mn

iωmn

exp(−iωmnϕ)

]
. (A.7)
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This is the action in a general wave pulse; in the following,
we restrict to a single mode.

A.2 Lorentz factor and kinetic momentum

We consider the plane wave

Aμ = Ãμ exp(−iωϕ) + c.c.

= aμ cos(ωϕ) − bμ sin(ωϕ), (A.8)

AμAμ = 1

2

(
a2 − b2) cos(2ωϕ) − ab sin(2ωϕ)

+ 1

2

(
a2 + b2), (A.9)

where Ãμ = (aμ − ibμ)/2, with two constant real vectors
aμ and bμ, subject to aμkμ = bμkμ = 0. We note ϕ =
−k̂μxμ = t − k0x, k̂μ = (−1,k0), |k0| = 1, and kμ := ωk̂μ,
as defined after (A.1). The action (A.6) reduces to

S = S0 + Ŝ(ϕ), S0 := pμxμ + e2 ÃμÃ∗μ

k̂μpμ
ϕ, (A.10)

Ŝ(ϕ) := 1

iωk̂μpμ

[
e
(
Ãμpμ exp(−iωϕ) − c.c.

)

− e2

4

(
ÃμÃμ exp(−2iωϕ) − c.c.

)]
, (A.11)

and the integrand in (A.2) reads

f (ϕ) = Ŝ′(ϕ) + e2 ÃμÃ∗μ

k̂μpμ
. (A.12)

If we refrain from complex notation, we find

S0 = pμxμ + e2(A2 + B2)ωϕ, (A.13)

Ŝ(ϕ) = −e
(
A1 sin(ωϕ) + B1 cos(ωϕ)

)

+ e2

2

(
(A2 − B2) sin(2ωϕ) + C2 cos(2ωϕ)

)
, (A.14)

f (ϕ) = Ŝ′(ϕ) + e2(A2 + B2)ω, (A.15)

with coefficients

A1 = aμpμ

ωk̂μpμ
, B1 = bμpμ

ωk̂μpμ
, A2 = aμaμ

4ωk̂μpμ
,

(A.16)

B2 = bμbμ

4ωk̂μpμ
, C2 = aμbμ

2ωk̂μpμ
.

The action S = S0 + Ŝ(ϕ) simplifies if AμAμ is constant,
as it happens for circular polarization implying a2 = b2 and
ab = 0.

Furthermore, ap := a0E0 + aip
i , with E0 = −p0 =√

p2
i + m2. The action is parametrized with the initial free

3-momentum pi , via the substitution p0(pi) in the vector
products ap, bp, and k̂μpμ, which determine the coefficients
Ak , Bk , and C2 in (A.16). Differentiation with respect to
pi is indicated by a subscript preceded by a comma, e.g.
(ap),i = a0pi/E0 + ai . As the coefficients Ak,Bk , and C2

enter linearly in Ŝ(ϕ), we obtain the pi derivatives Ŝ,i (ϕ)

just by replacing these coefficients by Ak,i,Bk,i , and C2,i ,
respectively. We will list the latter derivatives in (A.27) and
(A.28), after having specified the polarization vectors aμ

and bμ.
We place the wave vector kμ = ωk̂μ along the z axis,

k0 = (0,0, sign(k3)), |k3| = ω. On substituting z =
sign(k3)(t − ϕ) into S0 defined in (A.13), we find

S = (
sign(k3)p3 − E0

)
t + p1x + p2y

− [
sign(k3)p3 − e2(A2 + B2)ω

]
ϕ + Ŝ(ϕ), (A.17)

with Ŝ(ϕ) in (A.14). The x and y coordinates of the trajec-
tories are obtained by pi differentiation,

S,i = xi − pi

E0
t + e2(A2,i + B2,i )ωϕ + Ŝ,i (ϕ) = ci, (A.18)

with i = 1,2. The ci are integration constants. The ϕ para-
metrization of time is found by solving

S,3 = αt − [
sign(k3) − e2(A2,3 + B2,3)ω

]
ϕ + Ŝ,3(ϕ) = c3,

α: = sign(k3) − p3

E0
= p0 + p3sign(k3)

p0sign(k3)
. (A.19)

t (ϕ) is substituted into (A.18) to obtain the x and y coordi-
nates in ϕ parametrization, and the z coordinate is found as
z = sign(k3)(t (ϕ) − ϕ).

The ϕ parametrized velocity reads

υi = x′i (ϕ)/t ′(ϕ), υ3 = z′(ϕ)/t ′(ϕ),

x′i (ϕ) = − pi

p0
t ′(ϕ) − f,i(ϕ),

(A.20)
z′(ϕ) = − p3 + p0f,3(ϕ)

p0 + p3sign(k3)
,

t ′(ϕ) = p0
1 − sign(k3)f,3(ϕ)

p0 + p3sign(k3)
,

where we used (A.15). Subscript commas indicate differen-
tiation with respect to pi . We eliminate the pi derivatives in
(A.20) by differentiation of the Hamilton–Jacobi equation,
see (A.1)–(A.3),

m2 = (p0 − eA0 + f )2 − (pi − eAi)
2

− (
p3 − eA3 − sign(k3)f

)2
, (A.21)

where p2 = −m2 and Aμk̂μ = 0. Hence,
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x′i = − 1

k̂p
(pi − eAi),

z′ = − 1

k̂p

(
p3 − eA3 − sign(k3)f

)
,

(A.22)

t ′ = 1

k̂p
(p0 − eA0 + f ),

k̂p := p0 + p3 sign(k3),

and we denote

σ :=
√

t ′2 − (
x′i)2 − z′2 = − m

k̂p
. (A.23)

We parametrize the product k̂p in (A.22) as k̂p =
−√

p2 + m2 + |p| cos θ , where cos θ = k̂p0. Apparently
k̂p < 0, and t ′ > 0 holds as well, which is equivalent to
h := p0 − eA0 + f < 0. In fact, even h ≤ −m is satisfied,
since h2 ≥ m2. This follows from (A.21) and the negativity
of h, the latter is due to continuity in the coupling constant,
since h(e = 0) = p0 ≤ −m. Thus, t ′(ϕ) > 0, as k̂p is nega-
tive.

The kinetic momentum is defined by pkin
μ = S,μ − eAμ,

where pkin
0 = −Ekin = −mγ and pkin

i = mẋiγ , with the

time-dependent Lorentz factor γ = 1/
√

1 − υ2. In ϕ para-
metrization, p

μ
kin = mx′μ/σ , with σ in (A.23). This follows

from S,i = ∂L/∂ẋi and S,0 = −H , with H = ẋi∂L/∂ẋi −
L, so that dS/dt = L and L = −m/γ + eA0 + eAiẋ

i . We
thus find pkin

μ = pμ − eAμ −f (ϕ)k̂μ, according to (A.2). In

particular, pkin
0 = −mt ′/σ , and we can identify the Lorentz

factor as γ = t ′/σ or

γ = − 1

m

(
p0 − eA0 + f (ϕ)

)
, (A.24)

with f (ϕ) in (A.3) and p0 = −E0 = −
√

p2
i + m2. Clearly,

γ ≥ 1, as pointed out after (A.23). The kinetic 3-momentum
pkin

i = mυiγ is obtained via pkin
i = mx′i/σ and pkin

3 =
mz′/σ , with (A.22) and (A.23) substituted. Alternatively, we
may use pkin

μ = S,μ − eAμ with (A.8) and (A.13)–(A.15), to
find

pkin
μ = S,μ − eAμ = pμ − e2(A2 + B2)ωk̂μ

+ e
[
(A1ωk̂μ − aμ) cos(ωϕ)

− (B1ωk̂μ − bμ) sin(ωϕ)
]

− e2ωk̂μ

[
(A2 − B2) cos(2ωϕ)

− C2 sin(2ωϕ)
]
. (A.25)

The coefficients Ai , Bi , and C2 are given explicitly in
(A.16), in terms of polarization vectors.

In the following, we discuss some special cases regarding
initial conditions and polarization, and then calculate gen-
eral orbits in plane waves of arbitrary polarization. To this
end, we need the pi derivatives of the action coefficients
(A.16), which define the trajectories according to (A.18)
and (A.19). The wave vector of the plane wave is kμ = ωk̂μ

with k̂μ = (−1,0,0, sign(k3)). (The same sign convention
is used in action (A.17).) We note the identities

k̂p = sign(k3)p3 − E0 = −E0|α|,
(A.26)

E0|α| − αp3 = E0α
2,

with E0 =
√

p2
i + m2 and α defined in (A.19). Thus,

(k̂p),i = −pi/E0 for i = 1,2, and (k̂p),3 = α. As for
the field amplitudes aμ and bμ in (A.8), we put a0 =
b0 = 0, by invoking gauge freedom. The Lorentz condition
ak = bk = 0 requires a3 = b3 = 0. Under these conditions,
the pi derivatives of the first-order coefficients in (A.16)
read

A1,i = 1

ωE2
0α2

(
ap

E0
pi − E0|α|ai

)
,

(A.27)

A1,3 = − ap

ωE2
0α

,

and the same holds for B1,i , with aμ replaced by bμ. The pi

derivatives of the second-order coefficients are

A2,i = a2pi

4ωE3
0α2

, A2,3 = − a2

4ωE2
0α

, (A.28)

and the same holds true for B2,i and C2,i , with a2 replaced
by b2 and 2ab, respectively.

Appendix B: Orbits in circularly and elliptically
polarized waves

Circular polarization implies the constraints a2 = b2 and
ab = 0 on the amplitudes in (A.8) and (A.9), in addition
to the gauge and Lorentz conditions, which allow one to put
a0 = b0 = 0 and a3 = b3 = 0 as pointed out after (A.26).
Thus, A2 = B2 and C2 = C2,i = 0 according to (A.16)
and (A.28), so that the 2ω modes drop out in the action
(A.14). We use real polarization vectors aμ = (0,0, a2,0)

and bμ = (0, b1,0,0), where a2 and b1 can only differ by
a sign defining right/left-handedness, and we put |a2| =
|b1| =: acp. Choosing p1 = p2 = 0 as initial conditions,
we find A1 = B1 = 0 in (A.16), so that the Lorentz factor
γ = −pkin

0 /m is constant, see (A.25). The trajectory ob-
tained via (A.18) and (A.19) is a helix with axis along the
wave vector, and can readily be parametrized by time, since
A1,3 = B1,3 = 0 in (A.19), according to (A.27). If the initial
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conditions p1 = p2 = 0 are not met, the Lorentz factor is not
any more constant, the helical axis is tilted away from the z

axis, and the base curve (obtained by projecting the helix
onto a plane orthogonal to the helical axis) is an ellipse. The
general orbit in a circularly polarized plane wave reads, cf.
(A.18) and (A.19),

(x, y) = pi

E0
t − e2(A2,i + B2,i )ωϕ

+ e
(
A1,i sin(ωϕ) + B1,i cos(ωϕ)

)
,

z = sign(k3)(β − 1)ϕ (B.1)

+ e

|α|
(
A1,3 sin(ωϕ) + B1,3 cos(ωϕ)

)
,

t = βϕ + e

α

(
A1,3 sin(ωϕ) + B1,3 cos(ωϕ)

)
,

where

β := 1

|α| − e2

α
(A2,3 + B2,3)ω, α = sign(k3) − p3

E0
, (B.2)

so that |α| = sign(k3)α.

B.1 Helical motion

Helical orbits arise if the particle is injected parallel or
antiparallel to the wave vector of a circularly polarized
wave, implying vanishing orthogonal initial momentum,
p1 = p2 = 0. By making use of (A.27), (A.28), (B.1), and
(B.2), we find the helix

x = −sign(b1)
eacp

ωE0|α| cos
ωt

β
,

y = −sign(a2)
eacp

ωE0|α| sin
ωt

β
, (B.3)

z = sign(k3)
β − 1

β
t, t = βϕ.

Here, E0 =
√

p2
3 + m2 and

β = 2E2
0 |α| + e2a2

cp

2E2
0α2

, (B.4)

where we made use of (B.2) and (A.26). α is defined in
(B.2), and acp = |a2| = |b1| determines the amplitude of the
plane wave (A.8). The longitudinal velocity along the helical
z axis reads

υ‖ = sign(k3)
β − 1

β
, 1 − υ2‖ = e2a2

cp + m2

E2
0α2β2

, (B.5)

where we made use of (B.3), (B.4), and (A.26). The
transversal velocity component along the helical base cir-
cle (obtained by putting z = 0 in (B.3)) is

υ2⊥ = e2a2
cp

E2
0α2β2

. (B.6)

The pitch angle 0 ≤ αp ≤ π is defined by υ⊥ = υ sinαp and

υ‖ = υ cosαp, where υ =
√

υ2⊥ + υ2‖ is the helical velocity.

The Lorentz factor is constant,

γ = 2E2
0 |α| + e2a2

cp

2mE0|α| , 1 − υ2 = m2

E2
0α2β2

. (B.7)

B.2 Orbits with elliptic base curve in circularly polarized
waves

Trajectory (B.1) is the general solution for arbitrary initial
3-momentum pi in a circularly polarized plane wave. We
substitute the coefficients (A.27) and (A.28), specialized to
circular polarization with polarization vectors as defined be-
fore (B.1). Equation (B.4) defining β remains valid with
E0 = √

p2 + m2 substituted, according to (B.2). We thus
find

x = p1

E0|α|ϕ − sign(b1)
eacp

ωE0|α| cos(ωϕ),

y = p2

E0|α|ϕ − sign(a2)
eacp

ωE0|α| sin(ωϕ),

z = sign(k3)(β − 1)ϕ − eacp

ωE2
0α2

[
sign(a2k3)p2 sin(ωϕ)

+ sign(b1k3)p1 cos(ωϕ)
]
,

t = βϕ − eacp

ωE2
0α2

[
sign(a2)p2 sin(ωϕ)

+ sign(b1)p1 cos(ωϕ)
]
,

(B.8)

which replaces trajectory (B.3) if the initial 3-momentum
has a non-vanishing component orthogonal to the direction
of wave propagation. The velocity components are υi =
x′i/t ′ and υ3 = z′/t ′, see (A.20). The line element (A.23)
reads σ = m/(E0|α|), where we made use of (A.26), and
the kinetic momentum is p

μ
kin = E0|α|x′μ , as pointed out in

the discussion preceding (A.24) and (A.25). In this way, we
find the Lorentz factor

γ = 1
√

1 − υ2(ϕ)

= 2E2
0 |α| + e2a2

cp

2mE0|α| + eacp

mE0|α|
[
sign(b1)p1 sin(ωϕ)

− sign(a2)p2 cos(ωϕ)
]
. (B.9)
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The helical axis of trajectory (B.8) is (p1,p2,E0α(β − 1)),
and the orthogonal projection of the orbit (base curve) is an
ellipse. The coordinate unit vectors in the (x, y, z) frame are
denoted by ek . We introduce a coordinate system with the
helical axis as coordinate axis. To this end, we define the
vectors

ê3 := sign
(
k3(β − 1)

)(
p1,p2,E0α(β − 1)

)
,

ê1 := sign
(
k3(β − 1)

)
(−p2,p1,0),

(B.10)

ê2 := e3 − ê3(ê3e3)

ê2
3

.

Their squares read

|ê3|2 = p2
1 + p2

2 + E2
0α2(β − 1)2

= E2
0α2β2 − e2a2

cp − m2, (B.11)

|ê1|2 = p2
1 + p2

2 = E2
0 |α|(2 − |α|) − m2,

and |ê2| = |ê1|/|ê3|. The corresponding unit vectors êi/|êi |
are denoted by ê0,i , and constitute a right-handed orthonor-
mal triad. In particular, ê0,3 = ê0,1 × ê0,2, where ê0,1 is the
unit vector of e3 × ê3. The ê0,2 axis is chosen in the plane
generated by e3 and ê3. The z component of ê3 is positive,
and ê3 coincides with the helical axis. We denote the pro-
jections xkek ê0,i of trajectory (B.8) onto the new coordinate
unit vectors by (x̂, ŷ, ẑ),

x̂ = − sign(β − 1)eacp

|ê1|ωE0α

[
sign(a2)p1 sin(ωϕ)

− sign(b1)p2 cos(ωϕ)
]
,

ŷ = sign(k3)eacp

|ê1||ê3|ωE2
0α2

[
E2

0α2(β − 1) (B.12)

− |ê1|2
][

sign(a2)p2 sin(ωϕ) + sign(b1)p1 cos(ωϕ)
]
,

ẑ = sign(β − 1)

|ê3|E0α

{
|ê3|2ϕ

− eacpβ

ω

[
sign(a2)p2 sin(ωϕ) + sign(b1)p1 cos(ωϕ)

]}
.

The coordinate time is given in (B.8), and the kinetic
momentum is p̂

μ
kin = E0|α|x̂′μ. Trajectory (B.12) coin-

cides with trajectory (B.8) in the limit p1 = 0 and p2 →
−sign(k3(β − 1))0. (The sign determines whether zero is
approached from the right or left.) We define the angle
0 ≤ ϕ0 < 2π by

sinϕ0 := sign(a2)p1

|ê1| , cosϕ0 := sign(b1)p2

|ê1| , (B.13)

and write trajectory (B.12) as

x̂ = sign(β − 1)eacp

ωE0α
cos(ωϕ + ϕ0),

ŷ = sign(a2b1k3)eacp

|ê3|ωE2
0α2

× [
E2

0α2(β − 1) − |ê1|2
]

sin(ωϕ + ϕ0),
(B.14)

ẑ = sign(β − 1)

|ê3|E0α

[
|ê3|2ϕ

− eacpβ|ê1|
ω

sign(a2b1) sin(ωϕ + ϕ0)

]
,

t = βϕ − eacp|ê1|
ωE2

0α2
sign(a2b1) sin(ωϕ + ϕ0).

The absolute values |ê1| and |ê3| are explicit in (B.11), and
β in (B.4). We drop ϕ0 in the argument of the harmonics, as
this merely amounts to adding integration constants to the
coordinates. The Lorentz factor is γ = t ′/σ , where

σ =
√

t ′2 − x̂′2 − ŷ′2 − ẑ′2 = m

E0|α| , (B.15)

which can readily be derived by making use of (A.23)–
(A.26). Time averages are calculated as

〈f 〉 = (2ϕ)−1
∫ +ϕ

−ϕ

f dϕ, (B.16)

with ϕ → ∞. The averaged squared ϕ derivatives of trajec-
tory (B.14) read

〈
x̂′2〉 = e2a2

cp

2E2
0α2

,

〈
ŷ′2〉 = e2a2

cp

2E2
0α2

(E2
0α2(β − 1) − |ê1|2)2

E2
0α2|ê3|2

,

(B.17)
〈
ẑ′2〉 = |ê3|2

E2
0α2

+ e2a2
cpβ

2|ê1|2
2E2

0α2|ê3|2
,

〈
t ′2〉 = β2 + e2a2

cp|ê1|2
2E4

0α4
.

Identity (B.15) also holds with these averages under the root.
The averaged transversal and longitudinal velocity compo-
nents (orthogonal and parallel to the helical axis) stated in
(3.18) and (3.19) are assembled as

υ2⊥ = 〈x̂′2〉 + 〈ŷ′2〉
〈t ′2〉 , υ2‖ = 〈ẑ′2〉

〈t ′2〉 . (B.18)

When calculating υ2⊥, we substitute the identity

(
E2

0α2(β − 1) − |ê1|2
)2

= E2
0α2|ê3|2 − (

e2a2
cp + m2)|ê1|2 (B.19)
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into the 〈ŷ′2〉 average. The averaged Lorentz factor is γav =
(1 − υ2)−1/2 with υ2 = υ2‖ + υ2⊥, see (3.3). Equivalently,

γav = √〈t ′2〉/σ according to (B.15). The ultra-relativistic
limit, γav � 1, can be realized by large injection energy E0

or large field amplitude acp.

B.3 Time averaging of Lissajous orbits in elliptically
polarized waves

We turn to the general case, elliptical polarization. The
polarization vectors of the plane wave (A.8) are aμ =
(0, a1, a2,0) and bμ = (0, b1, b2,0), with real ai and bi , as
mentioned after (A.26). We denote the squared absolute val-
ues of the 3-vectors by a2 and b2, their scalar product by ab,
and the product with the initial 3-momentum by ap and bp.
(Since the zeroth component of the polarization vectors van-
ishes, these products coincide with the corresponding scalar
4-vector products aμpμ, etc.) The zeroth component has
been gauged to zero, and the third spatial component van-
ishes due to the Lorentz condition. These real polarization
vectors can be chosen orthogonal to each other by adding
a constant to the phase ϕ in (A.8), which can otherwise be
ignored. (A phase factor can be split off from a − ib to make
its square real.) However, we will not assume orthogonal-
ity. Equations (A.26)–(A.28) and (B.2) remain valid, and
the definition of β in (B.4) applies as well, if we substitute
acp := √

(a2 + b2)/2. Hence,

β = 1

|α|
(

1 + e2a2
cp

2E2
0 |α|

)
, a2

cp = a2 + b2

2
, (B.20)

with α in (B.2). We can also use the coordinate vectors êi in
(B.10) and (B.11) with this β .

The trajectories in a plane wave of arbitrary polarization
are found quite analogously to (B.1), by means of (A.14),
(A.18), and (A.19). The x and y coordinates read

xi =
[

pi

E0
β − e2(A2,i + B2,i )ω

]
ϕ

+ e

(
pi

E0α
A1,3 + A1,i

)
sin(ωϕ)

+ e

(
pi

E0α
B1,3 + B1,i

)
cos(ωϕ)

− e2

2

[
pi

E0α
(A2,3 − B2,3) + (A2,i − B2,i )

]
sin(2ωϕ)

− e2

2

(
pi

E0α
C2,3 + C2,i

)
cos(2ωϕ). (B.21)

The ϕ parametrization of time is

t = βϕ + e

α

[
A1,3 sin(ωϕ) + B1,3 cos(ωϕ)

]

− e2

2α

[
(A2,3 − B2,3) sin(2ωϕ)

+ C2,3 cos(2ωϕ)
]
, (B.22)

and the z coordinate is obtained via z = sign(k3)(t − ϕ),
as pointed out after (A.19). We substitute the coefficients
(A.27) and (A.28), and use the real polarization vectors de-
fined at the beginning of this subsection to find the general
orbit in an elliptically polarized wave,

xi = pi

E0|α|ϕ − e

ωE0|α|
[
ai sin(ωϕ) + bi cos(ωϕ)

]
, (B.23)

t = βϕ − e

ωE2
0α2

[
ap sin(ωϕ) + bp cos(ωϕ)

]

+ e2

8ωE2
0α2

[(
a2 − b2) sin(2ωϕ)

+ 2ab cos(2ωϕ)
]
, (B.24)

and z(ϕ) as above.
The linear ϕ term in the x and y coordinates (B.23)

can be removed by a rotation of the coordinate frame,
ei → ê0,i ; the orthonormal triad ê0,i is defined in (B.10)
and (B.11). The space coordinates projected onto the new
coordinate unit vectors ê0,i are found by means of (A.26),
(B.2), and (B.4),

x̂ = sign(β − 1)e

|ê1|ωE0α

[
(a1p2 − a2p1) sin(ωϕ)

+ (b1p2 − b2p1) cos(ωϕ)
]
,

ŷ = sign(k3)e

|ê1||ê3|ωE2
0α2

{[
E2

0α2(β − 1)

− ∣∣ê1
∣∣2][

ap sin(ωϕ) + bp cos(ωϕ)
]

(B.25)
+ e

8
|ê1|2

[(
a2 − b2) sin(2ωϕ)

+ 2ab cos(2ωϕ)
]}

,

ẑ = sign(β − 1)

|ê3|E0α

{
|ê3|2ϕ − e

ω
β
[
ap sin(ωϕ) + bp cos(ωϕ)

]

+ e2

8ω
(β − 1)

[(
a2 − b2) sin(2ωϕ) + 2ab cos(2ωϕ)

]}
.

Trajectories (B.25) are the counterpart to (B.12) in a plane
wave of arbitrary polarization. Their base curve, obtained by
projecting the helix onto the plane orthogonal to the helical
axis ê3, is a closed Lissajous figure. The ϕ parametrization
of time is given in (B.24). The time-averaged squares of the
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ϕ derivatives are calculated via (B.16),

〈
x̂′2〉 = e2

2E2
0α2|ê1|2

(
(a1p2 − a2p1)

2 + (b1p2 − b2p1)
2),

〈
ŷ′2〉 = e2

2E2
0α2|ê1|2

(E2
0α2(β − 1) − |ê1|2)2

E2
0α2|ê3|2

(
(ap)2 + (bp)2)

+ e4|ê1|2
32E4

0α4|ê3|2
((

a2 − b2)2 + 4(ab)2),

〈
ẑ′2〉 = |ê3|2

E2
0α2

+ e2β2

2E2
0α2|ê3|2

(
(ap)2 + (bp)2) (B.26)

+ e4(β − 1)2

32E2
0α2|ê3|2

((
a2 − b2)2 + 4(ab)2),

〈
t ′2〉 = β2 + e2

2E4
0α4

(
(ap)2 + (bp)2)

+ e4

32E4
0α4

((
a2 − b2)2 + 4(ab)2).

The averages (B.17) are recovered by putting |a2| = |b1| =
acp and a1 = b2 = 0. The line element is assembled as in
(B.15),

σ 2 = 〈
t ′2〉 − 〈

x̂′2〉 − 〈
ŷ′2〉 − 〈

ẑ′2〉 = m2

E2
0α2

, (B.27)

where we used the identity (a1p2 − a2p1)
2 + (ap)2 =

a2|ê1|2, which follows from (B.11), and the same for b.
In (3.20), we also need the averaged coordinate squares
of the Lissajous orbits, obtained as 〈x̂2〉 = 〈x̂′2〉/ω2 and
〈ŷ2〉 = 〈ŷ′2,32 → 128〉/ω2. (As for the latter, the factor 32
in the denominator of the second term of 〈ŷ′2〉 in (B.26)
is replaced by 128.) The time-averaged Lorentz factor (3.3)
reads

γav =
√〈

t ′2
〉
/σ. (B.28)

The tachyonic radiation densities calculated in Sect. 3 and
Appendix C are based on these time averages.

Appendix C: Polarization triads and ultra-relativistic
power asymptotics

In (2.4), we use two real transversal polarization vectors
ε1,2, so that ε1, ε2, and n := x/|x| constitute an orthonormal
triad. We choose ε1 orthogonal to n and the coordinate unit
vector e3, and place ε2 in the plane generated by n and e3,

ε1 = e3 × n
√

1 − (ne3)2
, ε2 = e3 − n(ne3)√

1 − (ne3)2
, (C.1)

so that n = ε1 × ε2. Occasionally, we will write ε3 for n, so
that the real unit vectors εi define a right-handed triad. As
for the angular parametrization, we use

ε3e1 = cosϕ sin θ, ε3e2 = sinϕ sin θ,

ε3e3 = cos θ, ε1e1 = − sinϕ,

ε1e2 = cosϕ, ε1e3 = 0, (C.2)

ε2e1 = − cos θ cosϕ, ε2e2 = − cos θ sinϕ,

ε2e3 = sin θ.

The e1,2,3 are Cartesian coordinate unit vectors. We may
write the vectors ξm=−1,0,1 (employed in the decomposition
of the phase in (2.10)) in a coordinate basis as ξm,iei , so that
the angular parametrization of ε3ξm required in the coeffi-
cients αm=−1,0,1 (defined in (2.11)) is obtained via ξm,iε3ei .

We turn to the ultra-relativistic steepest-descent asymp-
totics of the power coefficients (2.25). As mentioned after
(3.9), the stationary point of 2|α1| in the argument of the
Bessel functions in the flux coefficients (2.23) is located at
cos θc ∼ υ‖ if we use the angular parametrization (3.7) of α1.
We expand at θc,

2|α1| = nω̃

β̃

R
√

1 − υ2‖

(
1 + m2

t

2

β̃2

n2ω̃2

(
1 − υ2‖

)

− 1

2

(θ − θc)
2

1 − υ2‖
+ · · ·

)
, (C.3)

and write the argument in the Airy functions (2.26) as

λ = 21/3n2/3
(

1 − ω̃R

β̃

1
√

1 − υ2‖
− m2

t β̃R

2ω̃n2

√
1 − υ2‖

+ 1

2

ω̃R

β̃

(θ − θc)
2

(1 − υ2‖ )3/2
+ · · ·

)
. (C.4)

In terms of the velocity component along the base circle (ob-
tained by putting z = 0 in (3.1)) and the averaged Lorentz
factor (3.3), this reads

λ = n2/3

22/3υ2⊥

(
1

γ 2
av

− m2
t υ

4⊥β̃2

ω̃2n2
+ (θ − θc)

2 + · · ·
)

. (C.5)

The pitch angle is defined in (3.4); at this juncture, we can
approximate υ⊥ ∼ sinαp (as pointed out after (3.22)), and
introduce a new integration variable ψ in the power coeffi-
cients,

ψ = θ − θc

ε
, ε :=

√
1

γ 2
av

− m2
t β̃

2 sin4 αp

ω̃2n2
, (C.6)
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to be substituted into (C.3) and (C.5). In the Airy functions
(2.26), we can thus use

λ = η̃
(
1 + ψ2), η̃ := n2/3ε2

22/3 sin2 αp
. (C.7)

The solid-angle element in (2.25) can be approximated by

sin θ dθ ∼ ε sinαp dψ , since sin θc ∼ υ⊥ ∼
√

1 − υ2‖ .

We calculate the amplitudes A(j)(ω+
n , n) and B(j)(ω+

n )

in (2.17) by expanding at the stationary phase θc. For in-
stance, in (3.7), α1,Re ∼ (n/2) cosϕ and α1,Im ∼ (n/2) sinϕ,
and thus |α1| ∼ n/2. As θc is the stationary point, there is no
linear dependence on θ −θc. In the amplitudes (2.17), we use
the polarization vectors (C.1) and their angular parametriza-
tion (C.2). [The unit vectors ei are identified with êi,0, since
the coordinates of helix (3.1) refer to êi,0, as does trajectory
(B.25).] The ϕ dependence of the vector products in (C.2)
drops out in the amplitudes, and the polar-angle dependence
is expanded at the critical point, sin θ ∼ sinαp + εψ cosαp

and cos θ ∼ cosαp − εψ sinαp. In this way, we obtain

A(1)
(
ω+

n

) = O
(
ψ4), A(2) ∼ β̃2ε2ψ2, A(3) ∼ β̃2,

(C.8)

B(1)
(
ω+

n

) ∼ R2ω̃2 ∼ β̃2 sin2 αp, B(2) ∼ B(3) = O
(
ψ4).

By making use of the Nicholson asymptotics (2.26), we find
the ultra-relativistic limit of the flux coefficients (2.23) as

ST(1)
n ∼ 24/3

n4/3

n2ω̃2

sin4 αp

n2ω̃2Ai′2(λ)

n2ω̃2 + m2
t β̃

2 sin4 αp
,

ST(2)
n ∼ 22/3

n2/3

n2ω̃2

sin6 αp

n2ω̃2ε2ψ2Ai2(λ)

n2ω̃2 + m2
t β̃

2 sin4 αp
, (C.9)

SL
n ∼ 22/3

n2/3

β̃2

sin2 αp

n2ω̃2Ai2(λ)

n2ω̃2 + m2
t β̃

2 sin4 αp
,

with argument λ in (C.7). The asymptotic power coefficients
(2.25) are assembled as

P
T(j)
n ∼ q2

4π2

ε sinαp

β2

∫ +∞

−∞
S

T(j)
n dψ,

(C.10)

P L
n ∼ q2

4π2

ε sinαp

β2
m2

t

∫ +∞

−∞
SL

n dψ.

Here, the integrals over the squared Airy functions in (C.9)
can be replaced by handier (anti-)derivatives [31],

√
η̃

∫ +∞

−∞
Ai2

(
η̃
(
1 + ψ2))dψ = 1

2

∫ ∞

η

Ai(x)dx,

√
η̃

∫ +∞

−∞
Ai2

(
η̃
(
1 + ψ2))ψ2 dψ

= −1

4

(∫ ∞

η

Ai(x)dx + Ai′(η)

η

)
, (C.11)

1
√

η̃

∫ +∞

−∞
Ai′2

(
η̃
(
1 + ψ2))dψ

= −1

4

(∫ ∞

η

Ai(x)dx + 3
Ai′(η)

η

)
,

where we use η := 22/3η̃ as spectral variable, with η̃ in
(C.7). This also gives the analytic continuation to negative η,
see (3.11).
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