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Abstract
The vapor–liquid phase equilibria, saturation curves and pressure isotherms of nitro-
gen, methane, methanol, carbon dioxide and helium are modeled with a closed-form 
non-cubic equation of state (EoS), developed to describe high-pressure and high-
density properties of fluids. The EoS is analytic and applicable to pure compounds 
as well as mixtures in the full temperature range above the melting point (or lambda 
point in the case of normal fluid helium) and up to the limit density where the pres-
sure singularity occurs. The temperature evolution of the EoS is determined by four 
temperature-dependent scale factors on which the EoS linearly depends. Above the 
critical temperature, these scale factors can be regressed from empirical supercriti-
cal isotherms. Based on the proposed EoS, the Helmholtz and Gibbs free energies of 
the mentioned fluids are calculated, also in closed form. In the subcritical regime, a 
convex Helmholtz free energy is obtained by way of the common tangent construc-
tion. The subcritical scale factors of the EoS are inferred from the empirical liquid 
and vapor saturation densities, so that the EoS is consistent with the common tan-
gent construction and the measured coexistence curve.

Keywords Convexity of the Helmholtz free energy · Double-tangent construction to 
the free energy · Saturation pressure · Supercritical, critical and subcritical pressure 
isotherms · Non-cubic fluid equation of state · Vapor–liquid phase equilibrium

1 Introduction

The purpose of this paper is to discuss phase equilibria, coexistence curves and 
high-pressure isotherms of nitrogen, methane, methanol, carbon dioxide and helium, 
based on a phenomenological fluid equation of state (EoS) that is analytic and of 
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closed form. The proposed EoS is non-algebraic, its attractive potential containing 
a density-dependent exponential. Even though the EoS is non-cubic, it is designed 
in analogy to cubic equations [1–8]; its wide applicability from classical fluids to 
extreme quantum fluids like helium is due to the adaptability of the temperature-
dependent scale factors of the EoS, which are broken power laws [9], and also 
because the EoS is detached from microscopic first principles, i.e. from the specific 
modeling of molecular interactions.

A detailed derivation of the EoS has been given in Ref. [9], centered at the criti-
cal point conditions, i.e. vanishing density derivatives of pressure at the critical 
point, which will not be repeated here. Otherwise, the paper is self-contained, the 
EoS is defined from scratch, and the main purpose is to demonstrate its applicabil-
ity by discussing concrete examples of fluids for which accurate saturation data and 
high-pressure isothermal data are available. The emphasis is on high density and 
pressure, where cubic equations tend to be particularly inaccurate, as will be illus-
trated in the figures, and where virial expansions [10, 11] of molecular interaction 
models usually fail. The applicability of the EoS at high density is due to the fact 
that it is non-perturbative, avoiding the decomposition into a free exactly solvable 
model with additive interaction terms that are required to be small for perturbative 
expansion techniques.

In Sect. 2, we define the EoS, which is parametrized with five temperature-inde-
pendent substance-specific constants to be regressed from the critical isotherm. 
These constants also determine the limit density of the EoS, where the pressure 
becomes singular. The regression of these constants from the empirical critical pres-
sure isotherm is explained in Sect. 3.1.

The temperature evolution of the EoS is determined by four temperature-
dependent scale factors. In the supercritical regime, these analytic scale factors are 
regressed from pressure isotherms, as done in Sects. 3.2 and 3.3. In the subcritical 
regime above the melting point (or lambda point in the case of normal fluid helium), 
the scale factors are calculated from the empirical saturation curve, by making use 
of the common tangent construction ensuring the convexity of the Helmholtz free 
energy (as a function of volume) in the subcritical temperature interval.

The pressure isotherms of the EoS will be tested with super- and subcritical iso-
thermal data sets of nitrogen, methane, methanol, carbon dioxide and helium. The 
empirical saturation properties can be implemented in the temperature evolution 
of the EoS, as will be demonstrated here with these fluids. In the figures depicting 
selected isotherms and isothermal data sets, we also show the corresponding iso-
therms of the cubic Peng-Robinson EoS, which serves as a reference equation. We 
refrain from comparing with more general cubic equations, e.g. EoSs involving vol-
ume translations [1, 6] or non-cubic EoSs obtained from molecular interaction mod-
els such as SAFT or PC SAFT models [12–14], as these equations can be marred by 
intersecting isotherms and multiple Maxwell loops in the coexistence region [15], 
the latter also being encountered in multiparameter EoSs [16–25]. The data sets 
used for the regression are actually generated by multiparameter EoSs, see below.

In Sect. 4, we calculate the Helmholtz free energy of the mentioned fluids and 
perform the common tangent construction, which the EoS has to satisfy in order to 
be consistent with the empirical saturation properties. In Sect. 5, the equations of the 
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common tangent construction are employed to calculate the subcritical scale factors 
of the EoS from the measured saturation curves. In this way, an analytic closed-form 
EoS is obtained, applicable above the melting point (or lambda point in the case of 
helium) and for densities up to the pressure singularity. In Sects. 3–5, we specifi-
cally derive the EoSs of nitrogen, methane, methanol, carbon dioxide and of normal 
fluid helium, using isothermal and saturation data sets from Ref. [26]; the latter are 
synthetic data based on a specific multiparameter reference EoS for the respective 
fluid inferred from a variety of experimental data sources. (These reference EoSs 
are quoted in Sect. 4.3 and also in the figures of the pressure isotherms where the 
data points are depicted.) The emphasis is on the mentioned fluids, but we keep the 
formalism sufficiently general for wider applicability to other compounds and multi-
component mixtures. The conclusions are summarized in Sect. 6.

2  A Fluid Equation of State Applicable to Pure Compounds 
and Mixtures at High Pressure

The analytic closed-form EoS P(n, T) (pressure P , molar density n , temperature T  ) 
is defined as

with repulsive potential

A derivation thereof is given in Refs. [9, 27]. R = 8.31446 J/(K mol) is the gas 
constant. The repulsive term Q(n,T) is modeled in analogy to the Carnahan-Star-
ling hard-sphere EoS [28, 29] and depends on five temperature-independent fit-
ting parameters: the amplitude b0 and exponent �0 are positive, and the polynomial 
coefficients ck=2,3,4 are real. The temperature-dependent scale factors �k=2,3,4(T) 
in (2.2) and �(T) in (2.1) are normalized to zero at the critical temperature 
�k(Tc) = �(Tc) = 0 . The critical-point constants are denoted by (nc, Tc,Pc) and listed 
in Table  1 for the fluids studied here, that is nitrogen, methane, carbon dioxide, 
methanol and helium.

We will use the shortcuts Q0 , Q,n , Q,n,n for the constants Q0 ∶= Q(nc, Tc) − Pc∕R 
and Q,n(nc, Tc) , Q,n,n(nc, Tc) ; a subscript comma followed by n denotes a density 
derivative. Thus, Q,n and Q,n,n are the first- and second-order density derivatives of 
the repulsive potential (2.2), taken at the critical point. The EoS (2.1), (2.2) linearly 
depends on the rho and sigma functions �k(T) , �(T) , which determine the tempera-
ture evolution of the EoS, apart from the term linear in temperature in (2.2).

The exponential of the second term (attractive potential of the EoS) in (2.1) is 
defined by the constants

(2.1)P∕R = Q(n,T) − (1 − �(T))(n∕nc)
2Q0e

A(n−nc)(n−nc+B)

(2.2)Q(n, T) =
1

(1 − n∕b0)
�0

[

Tn +

4
∑

k=2

(1 − �k(T))ckn
k

]
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derived from the critical-point conditions, P(nc, Tc) = Pc , P,n(nc, Tc) = 0,

P,n,n(nc, Tc) = 0 , which are exactly satisfied by the EoS, cf. Ref. [9]. The attrac-
tive term in (2.1) scales ∝ n2 at low density and the repulsive term (2.2) is linear in 
the low-density regime. The positive real exponent �0 in (2.2) is the pressure scal-
ing exponent at the singularity n = b0 (high-density limit). The analytic scale fac-
tors �k=2,3,4(T) and �(T) in (2.1) and (2.2) will be specified in Sects. 3 and 5 for the 
super- and subcritical temperature ranges.

3  Parameters and Supercritical Scale Factors of the EoS

3.1  Density Dependence of Pressure at the Critical Temperature

The temperature-dependent �k and � scale factors of the EoS (2.1), (2.2) vanish at 
the critical temperature, �(Tc) = �k=2,3,4(Tc) = 0 . The critical isotherms of nitro-
gen, methane, carbon dioxide, methanol and helium are obtained by four-parameter 
(b0, ck=2,3,4) regression, since we put �0 = 1∕2 in (2.2) from the outset because of 
lack of high-pressure data points. The temperature-independent fitting parameters 
b0, ck are recorded in Table 2. The least-squares functional to be minimized reads

where (ni,Pi)i=1,...,N are data points for the critical isotherm, and P(n;b0, ck) is 
the EoS (2.1), (2.2) with �0 = 1∕2 and the �k and � scale factors put to zero. The 
regressed isotherms, temperature-dependent scale factors and saturation curves of 
nitrogen are depicted in Figs. 1, 2, 3, 4, and 5, of methane in Figs. 6, 7, 8, 9, and 
10, carbon dioxide in Figs.  11, 12, 13, 14, and 15, methanol in Figs.  16, 17, 18, 
19, and 20 and helium in Figs. 21, 22, 23, 24 and 25. The �2 functionals used for 

(2.3)A =
1

n2
c

+
Q0Q,n,n − Q2

,n

2Q2
0

, B =
2ncQ0(ncQ,n

− 2Q0)

2Q2
0
− n2

c
Q2

,n
+ n2

c
Q0Q,n,n

(3.1)�2(b0, ck) =

N
∑

i=1

(P(ni;b0, ck) − Pi)
2

P2
i

Table 1  Critical constants (temperature Tc , molar density nc , molar volume Vc , pressure Pc ) of nitrogen, 
methane, carbon dioxide  (CO2), methanol and helium, cf. Ref. [26]. The melting temperature Tmelt is also 
listed; in the case of (normal-fluid) helium, the lambda point of 2.17 K is taken as lower edge of the sub-
critical temperature range. Also recorded are the critical compressibility factor Zc = Pc∕(ncTcR) , where 
R = 8.31446 J/(K mol) is the gas constant, and the acentric factor � used in the � function of the cubic 
PR EoS, cf. (3.2)

Tc[K] nc[mol∕cm3] Vc[cm
3∕mol] Pc[MPa] Tmelt[K] Zc �

Nitrogen 126.19 0.011184 89.414 3.3958 63.15 0.28939 0.0372
Methane 190.56 0.010139 98.629 4.5992 90.694 0.28629 0.01142
CO2 304.13 0.010634 94.0365 7.3773 216.6 0.27435 0.22394
Methanol 513.38 0.0087851 113.829 8.2158 175.61 0.21909 0.5625
Helium 5.1953 0.0173837 57.52515 0.22832 – 0.30406 – 0.3836
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the regression of supercritical isotherms in Sects. 3.2 and for the saturation densi-
ties and pressure in Sect.  4.3 are structured analogously to (3.1). The data points 
depicted in the figures are taken from Ref. [26], see the captions of Figs. 1, 6, 11, 16 
and 21 and also Sect. 4.3 where the multiparameter EoSs generating these data are 
referenced; residual plots of the isotherms are also included in these figures.

In Figs. 1, 6, 11, 16 and 21, the critical pressure isotherm of EoS (2.1), (2.2) and 
selected super- and subcritical isotherms discussed in the subsequent sections are 
compared with the universal cubic Peng- Robinson (PR) EoS, cf. e.g. Refs. [1–8] 

where p = p̂nc , b = b̂nc , c = ĉn2
c
 , a = (Tc∕nc)â , and p̂ = 3.9514 , â = 1.4874 , 

b̂ = 1.9757 , ĉ = −15.6133 are universal constants. The scale factor �(T) (alpha 
function [30–33]) of the PR EoS (3.2) reads �(T) = (1 + Ω(�)(1 −

√

T∕Tc))
2 , with 

Ω(�) = 0.3919 + 1.4996� − 0.2721�2 + 0.1063�3 , cf. Ref. [34], where � denotes 
the acentric factor of the fluid. The critical point parameters ( nc,Tc,Pc ) and � are 
recorded in Table 1 for nitrogen, methane, carbon dioxide, methanol and helium.

3.2  Pressure Isotherms of the EoS Above the Critical Temperature

The rho and sigma functions �2,3,4(T) and �(T) of the EoS (2.1), (2.2) can be 
treated as four independent fitting parameters at a fixed supercritical temperature 
T = Tj > Tc . The temperature-independent parameters (b0, ck=2,3,4, �0) of the EoS 
have already been determined from the critical isotherm, cf. Section  3.1, so that 
�2,3,4(Tj) and �(Tj) remain the only fitting parameters. In Table 3, we list �2,3,4(Tj) 
and �(Tj) at selected supercritical temperatures Tj > Tc , for nitrogen, methane, car-
bon dioxide, methanol and helium. The regressed supercritical isotherms of these 
fluids are depicted in Figs. 1, 6, 11, 16 and 21, together with their residual plots. The 

(3.2)P∕R =
nT

1 − n∕p
−

�(T)an2

1 + n∕b + n2∕c

Table 2  Fitting parameters of the EoSs of nitrogen, methane, carbon dioxide, methanol and helium at 
the critical temperature Tc . The regressed parameters are the amplitudes b0 and c2,3,4 of the repulsive 
potential (2.2). The exponent �0 in (2.2) defining the pressure scaling at the critical density is also a fit-
ting parameter but has been put to �0 = 1∕2 for lack of high-pressure data points close to the singularity. 
The listed parameters b0 and c2,3,4 have been rescaled with nc and Tc to make them dimensionless. The 
regression of the EoS at Tc is explained in Sect. 3.1. Also recorded are the minimum of the least-squares 
functional �2 and the degrees of freedom of the fit (dof: number N of data points (ni,Pi) on the critical 
isotherm minus number of fitting parameters). The regressed critical isotherms P(n,T = Tc) (cf. (2.1)) 
are depicted in Figs. 1, 6, 11, 16 and 21

b0∕nc c2nc∕Tc c3n
2
c
∕Tc c4n

3
c
∕Tc �2 dof

Nitrogen 5.03286 – 1.39855 – 0.166524 0.316732 3.28 × 10−4 38– 4
Methane 4.94949 – 1.41125 – 0.110819 0.293792 3.27 × 10−4 33– 4
CO2 4.08075 – 1.50064 0.102357 0.209481 3.04 × 10−4 33– 4
Methanol 5.12861 – 3.36041 1.08322 0.0399809 2.60 × 10−3 36– 4
Helium 5.28674 – 1.13605 0.00468456 0.207719 5.42 × 10−4 39– 4
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Fig. 1  Nitrogen pressure isotherms. Data points from Ref. [26]; the multiparameter reference EoS used to 
generate the data points of the nitrogen isotherms in Ref. [26] is stated in Refs. [16, 17]. Squares/circles/
diamonds indicate supercritical/critical/subcritical isothermal data points, respectively. The red solid curves 
show isotherms of EoS (2.1), (2.2) (with parameters b0, ck, �0 in Table 2). The scale factors �k(T) , �(T) 
of the EoS of nitrogen in the supercritical regime T > Tc are defined in (3.3) and Table 4. In the subcritical 
interval Tmelt ≤ T < Tc above the melting temperature, the scale factors �k(T) , �(T) are calculated from the 
empirical saturation curve (green solid curve), cf. Sect. 5. Depicted are the supercritical isotherms at 2000, 
1400, 800, 300 and 200 K, as well as the critical isotherm passing through the critical point at 126.19 K, 
and also the subcritical 70 K isotherm (red solid curves). The horizontal dashed line crossing the coexist-
ence region connects the vapor and liquid saturation points on the 70 K isotherm, cf. Sect. 4.2. The black 
diamonds indicate the end points of the liquid–vapor saturation curve at the melting temperature of 63.15 K. 
Also depicted for comparison are the isotherms of the cubic Peng–Robinson (PR) EoS (blue dashed curves), 
cf. (3.2). Residuals of selected isotherms are shown in the lower panels, the (ni,Pi) labeling data points
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blue dashed curves in these figures show the corresponding isotherms (at the same 
supercritical temperatures Tj ) of the cubic PR EoS.

3.3  Analytic Temperature Evolution of the Supercritical EoS

Above the critical temperature, T > Tc , the �k and � scale factors of the EoS (2.1), 
(2.2) can be specified as broken power-law density [35–37],

 and the same power law is used for the rho functions �k(T;b, �, �, �) (with different 
fitting parameters b , � , � , � , of course). If there is a sign change of �k(T) or �(T) , as 
it happens in the case of methane and carbon dioxide, cf. Table 3, we use a slightly 
more general broken power law by adding a third factor,

The fitting parameters are the real amplitude b , the positive exponents � , � and 
the real exponent � . In (3.4), the positive amplitude c in the third factor is an addi-
tional fitting parameter determining the temperature at the sign change of �k(T).

The regression is based on data sets (Tj, �2(Tj)) , (Tj, �3(Tj)) , (Tj, �4(Tj)), (Tj, �(Tj)) 
recorded in Table  3. The regressed parameters (b, �, �, �) defining the supercriti-
cal scale factors of nitrogen, methanol and helium and the parameters (b, c, �, �, �) 
of methane and carbon dioxide are listed in Tables 4, 5, 6, 7 and 8, and the least-
squares fits of the broken power laws (3.3) and (3.4) are depicted in Figs. 2, 7, 12, 17 
and 22 for these fluids.

4  Subcritical Equation of State

4.1  Density Integration of the EoS: Free Energy

The Helmholtz free energy F(V , T) is related to pressure by P = −F,V (V , T) , where 
V  denotes volume and subscript commas indicate derivatives. In EoS (2.1), (2.2), 
molar density n = 1∕V  is used as parameter instead of volume, so that pressure is 
related to the free energy by P = n2F,n(n, T) . Thus the molar free energy is obtained 
from EoS (2.1), (2.2) as F(n, T) = ∫

n

nc
P(n, T)n−2dn , up to an integration constant.

We split the free energy into additive components, using term-by-term integration 
of EoS (2.1), (2.2),

 where 

(3.3)�(T;b, �, �, �) = b(T∕Tc)
�−��((T∕Tc)

� − 1)�

(3.4)�k(T;b, c, �, �, �) = b(T∕Tc)
�−1−��((T∕Tc)

� − 1)�(T∕Tc − 1 − c)

(4.1)F(n, T)∕R = TF1(n) +

4
∑

k=2

(1 − �k(T))ckFk(n) − (1 − �(T))n−2
c
Q0Fattr(n)
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 and k = 1, ..., 4 . The constants A, B are defined in (2.3).
The integrand of F1(n) in (4.2) has the hypergeometric antiderivative 

(1 − n∕b0)
1−�0

2F1(1, 1 − �0, 2 − �0;1 − n∕b0)∕(�0 − 1) in the relevant density range 
0 < n < b0 . (Here, 2F1 denotes a hypergeometric function not to be confused with 
the integrals Fk(n) in (4.2).) More conveniently, F1(n) = B(nc∕b0, n∕b0;0, 1 − �0) , 
where B(x0, x1;0, 1 − �0) ∶= ∫

x1
x0

y−1(1 − y)−�0dy is the generalized  incomplete beta 
function, which is a built-in function in Mathematica® [38].

The integrals Fk=2,3,4(n) are elementary,

(4.2)Fk(n) ∶=

n

∫
nc

nk−2dn

(1 − n∕b0)
�0
, Fattr(n) ∶=

n−nc

∫

0

exp(An2 + ABn)dn

(4.3)

F2(n) =
b0

�0 − 1
[(1 − n∕b0)

1−�0 − (1 − nc∕b0)
1−�0],

F3(n) =
b0

(�0 − 1)(�0 − 2)
{(1 − n∕b0)

1−�0

× [n(�0 − 1) − b0] − (n → nc)},

F4(n) =
b0

(�0 − 1)(�0 − 2)(�0 − 3)
{(1 − n∕b0)

1−�0

× [2b2
0
− 2b0n(�0 − 1) + n2(�0 − 1)(�0 − 2)] − (n → nc)}

Fig. 2  Supercritical scale factors �k=2,3,4(T) , �(T) of the EoS of nitrogen, cf. Section  3.3. The circles/
squares show data points (Tj, �2,3,4(Tj)) , (Tj, �(Tj)) from Table 3, at Tc , 200, 300, 800, 1400 and 2000 K, 
cf. Section 3.2. The solid curves depict the regressed supercritical �k and � scale factors (3.3) of the EoS 
(2.1), (2.2), with fitting parameters in Table 4
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 A non-integer pressure scaling exponent �0 is assumed here, cf. Section 2, since this 
exponent is a fitting parameter. (At integer �0 , the integrals Fk=1,...,4(n) are elemen-
tary as well, but we will not need these limit cases here.)

The integral Fattr(n) in (4.2) can also be expressed in closed form,

where erf(ix)∕i = 2�−1∕2 ∫
x

0
exp(y2)dy is the imaginary error function [39], which 

is also a built-in function in Mathematica®. The real coefficients A , B are defined 
in (2.3), and Eq. (4.4) remains valid for negative A by way of analytic continuation.

(4.4)

Fattr(n) =
√

�
exp(−AB2∕4)

2
√

A

�

1

i
erf(i

√

A

2
(B + 2n − 2nc)) −

1

i
erf(i

√

A

2
B)

�

Fig. 3  Liquid and vapor saturation volumes of nitrogen, cf. Section  4.3. Data points from Ref. [26]. 
Depicted are the liquid saturation volume V1(T) in (4.6) with regressed parameters in Table  9 (blue 
curve) and the vapor saturation volume V2(T) in (4.7) with parameters in Table 10 (red curve). The tem-
perature range covers the subcritical interval, Tmelt ≤ T ≤ Tc , cf. Table 1. The vertical dashed line indi-
cates the reduced melting temperature, and the diamond depicts the critical point (Tc,Vc) . Residuals of 
the liquid and vapor branches of the regressed saturation volume are shown in the lower panel, the (Ti,Vi) 
labeling data points
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Fig. 4  Saturation pressure of nitrogen. Data points from Ref. [26]. Depicted is the regressed saturation 
pressure Psat(T) in (4.8), with parameters in Table 11 (solid red curve). The vertical dashed line indicates 
the reduced melting temperature, and the diamond depicts the critical point (Tc,Pc) . The blue dashed 
curve shows the saturation pressure P(n1(T),T) calculated via EoS (2.1), (2.2) (with subcritical scale fac-
tors �k(T) , �(T) in (5.7)), where n1(T) = 1∕V1(T) is the liquid saturation density, cf. Sects. 4.2, 4.3 and 
Fig. 3. Psat(T) and P(n1(T),T) very nearly coincide, which is a consistency check of the subcritical EoS, 
cf. Section 5. Residuals of the regressed and calculated (from EoS) saturation pressure are depicted in the 
lower panels, the (Ti,Pi) labeling data points
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4.2  Convexity of the Helmholtz Free Energy: Subcritical Common Tangent 
Construction

We reparametrize the EoS P(n, T) (cf. (2.1), (2.2)) and free energy F(n, T) (cf. (4.1)) 
with molar volume, replacing the density n by 1∕V  (and nc by 1∕Vc ) and writing 
P(V) and F(V) in this section, occasionally suppressing the temperature variable T  , 
which is kept fixed. The free energy F(V) in (4.1) is a convex function (in linear 
coordinates) in the supercritical temperature range T > Tc . To make the free energy 
also convex in the subcritical interval Tmelt < T < Tc above the melting temperature 
Tmelt , we employ the double-tangent construction. (In the case of helium, Tmelt is to 
be replaced by the lambda point of 2.17 K throughout Sects. 4 and 5.) That is, we 
will find a straight line Ftang(V) that is tangent to the free energy F(V) at two vol-
umes V1 and V2 , V1 < V2 , so that the free energy becomes a convex function if F(V) 
is replaced, in the interval [V1,V2] , by this tangent line.

The equation of the double tangent Ftang(V) in linear coordinates (where convex-
ity properties are apparent) reads Ftang(V) = F�(V1)V + d(V1) = F�(V2)V + d(V2) , 
where F�(V1) = F�(V2) is the tangent slope and d(V1) = d(V2) the verti-
cal intercept. Primes denote derivatives. Since Ftang(V1) = F(V1) , we find 
d(V1) = F(V1) − F�(V1)V1 and analogously for V2 . As F�(V) = −P(V) , the stated 
equations for Ftang(V) are equivalent to P(V1, T) = P(V2, T) , G(V1, T) = G(V2, T) , 
where G(V , T) ∶= F(V , T) + P(V , T)V  is the Gibbs potential in volume 
parametrization.

Fig. 5  Subcritical scale factors of the EoS of nitrogen. The red and green curves show the scale factors 
�2(T) and �(T) of EoS (2.1), (2.2) in the subcritical interval Tmelt < T < Tc , cf. (5.7). (The scale factors 
�3(T) and �4(T) of the EoS have been put to zero in this interval.) The vertical dashed line indicates the 
reduced melting temperature. The depicted data points were calculated from empirical saturation data in 
Fig. 3 by making use of the common tangent construction to the free energy, cf. Sects. 4.2 and 5
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Fig. 6  Methane pressure isotherms. Data points from Ref. [26]; see also Ref. [19] for the multiparam-
eter reference EoS used to generate the data. The red solid curves show isotherms of EoS (2.1), (2.2) 
(with parameters b0, ck, �0 in Table 2). The scale factors �k(T) , �(T) of the EoS of methane in the super-
critical regime T > Tc are defined in (3.3), (3.4) and Table  5. In the subcritical temperature interval 
Tmelt ≤ T < Tc , the scale factors are calculated from the empirical saturation curve (green solid curve), 
cf. Sects. 4.2, 4.3 and 5. Depicted are the supercritical isotherms at 600, 400, 300 and 220 K as well as 
the critical isotherm at 190.56 K and also the subcritical 100 K isotherm (red solid curves). The horizon-
tal dashed line connects the vapor and liquid saturation points on the 100 K isotherm, cf. Section 4.2. 
The black diamonds indicate the end points of the liquid–vapor saturation curve at the melting temper-
ature of 90.69  K. Also depicted for comparison are the isotherms of the cubic PR EoS (blue dashed 
curves), cf. (3.2) and Table 1. Residuals of selected isotherms are shown in the lower panels
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The saturation curve (depicted as green solid curve in Figs. 1, 6, 11, 16 and 21) 
intersects a subcritical pressure isotherm P(V , T) (fixed T  , Tmelt < T < Tc ) at the 
points (V1(T),P(V1(T), T)) and (V2(T),P(V2(T), T)) . Also, V1(T) < Vc < V2(T) and 
V1(Tc) = V2(Tc) = Vc , since the saturation curve passes through the critical point 
(Vc,P(Vc, Tc)) . We will refer to V1(T) and V2(T) as liquid and vapor saturation vol-
umes, respectively. The corresponding molar liquid and vapor saturation densities 
are n1(T) = 1∕V1(T) and n2(T) = 1∕V2(T) , respectively, and n1(T) > nc > n2(T).

The common tangent construction to the free energy of nitrogen at 70  K is 
depicted in Fig. 26 as a quantitative example. The tangent points (diamonds) to the 
free energy F(V , T = 70 K) in (4.1), (4.2) are located at the liquid and vapor satura-
tion volumes V1(T = 70 K) and V2(T = 70 K) , which differ by three orders of mag-
nitude, cf. the caption of Fig. 26. Linear coordinates are used in Fig. 26 to visualize 
the convexity of F(V , 70 K) when modified by the tangent section between the satu-
ration volumes.

The saturation curves of nitrogen, methane, carbon dioxide, methanol and 
helium are shown as green solid curves in Figs. 1, 6, 11, 16 and 21, respectively. 
In the pressure– density plots of these figures, the saturation curve parametrized 
by temperature consists of two branches, (n1(T),P(n1(T), T)) (saturated liquid) and 
(n2(T),P(n2(T), T)) (saturated vapor), which are smoothly joint at the critical point 
(nc,P(nc, Tc)) , see also Figs. 3, 8, 13, 18 and 23 depicting the reciprocal saturation 
densities. The endpoints of the liquid and vapor branches of the saturation curve, 
that is (n1(Tmelt),P(n1(Tmelt), Tmelt)) and (n2(Tmelt),P(n2(Tmelt), Tmelt)) , are indicated 
as black diamonds in Figs. 1, 6, 11 and 21. In the case of methanol, the saturation 
curve extends to very low pressure far outside the pressure range shown in Fig. 16, 
as is evident from the saturation pressure curve in Fig. 19. In the case of (normal 
fluid) helium, Tmelt is replaced by the lambda point.

According to the above double-tangent construction, P(n1(T), T) and P(n2(T), T) 
coincide on the liquid and vapor branches of the saturation curve, determining the 
saturation pressure Psat(T) ∶= P(n1(T), T) = P(n2(T), T) depicted in Figs. 4, 9, 14, 
19 and 24. The liquid and vapor saturation densities n1(Tmelt) , n2(Tmelt) at the melt-
ing temperature (or lambda point) differ by several orders of magnitude, as illus-
trated by Figs. 3, 8, 13, 18 and 23 showing the saturation volumes (i.e. inverse satu-
ration densities).

The Gibbs potential in density representation reads G(n,T) = F(n, T) + P(n, T)∕n , 
with EoS (2.1) and Helmholtz free energy (4.1) substituted, so that the equations of 
the common tangent construction in density representation read

with the liquid and vapor saturation densities n1(T) and n2(T) substituted. In 
Sect. 4.3, closed-form expressions for n1(T) and n2(T) will be regressed from satura-
tion data of nitrogen, methane, carbon dioxide, methanol and helium.

(4.5)P(n1(T), T) = P(n2(T), T) G(n1(T), T) = G(n2(T), T)
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Table 3  Parameters of selected supercritical pressure isotherms of nitrogen, methane, carbon dioxide, 
methanol and helium. The isotherms are defined by EoS P(n,T) in (2.1), (2.2) at a fixed supercritical 
temperature T = Tj > Tc , cf. Section 3.2. The temperature-independent parameters �0, b0, ck of the EoS 
are taken from the least-squares fit of the critical isotherm, cf. Table  2. The rho and sigma functions 
�2,3,4(Tj) , �(Tj)  at the listed temperatures are fitting parameters regressed from the respective experi-
mental Tj isotherm, based on data sets from Ref. [26]. (See also the captions of Figs. 1, 6, 11, 16, 21 and 
Sect. 4.3 for multiparameter reference EoSs generating the data sets.) Also recorded are the minimum 
of the least-squares functional �2 and the degrees of freedom (dof) of each fit, cf. the caption of Table 2

Tj[K] �2(Tj) �3(Tj) �4(Tj) �(Tj) �2 dof

Nitrogen
126.19 0 0 0 0 – – 
200 0.475453 0.444327 0.0838663 0.710368 0.00579 38– 4
300 0.908818 2.43820 0.390878 1.51340 0.0164 38– 4
800 2.03435 5.83765 0.682796 1.68035 9.40 × 10−4 49– 4
1400 3.01511 8.94265 1.09647 1.52211 3.10 × 10−5 49– 4
2000 3.91317 11.5151 1.57076 1.47506 1.59 × 10−6 38– 4

Methane
190.56 0 0 0 0 – – 
220 0.170456 – 0.207471 0.00123757 0.266943 0.00124
250 0.289961 – 0.0627333 0.0216277 0.455333 0.00217 37– 4
300 0.418701 0.394281 0.0487710 0.599644 0.00151 37– 4
400 0.645917 1.29872 0.107585 0.808925 6.67 × 10−4 37– 4
500 0.831568 2.19292 0.165403 0.923544 2.72 × 10−4 37– 4
600 0.995396 2.94578 0.209453 0.982323 1.30 × 10−4 37– 4

CO2

304.13 0 0 0 0 – – 
400 0.330952 0.591025 – 0.0335919 0.520239 1.42 × 10−3 35– 4
500 0.540428 0.0777168 0.0401328 0.794875 6.91 × 10−4 35– 4
600 0.688103 – 0.911271 0.173983 0.955686 2.23 × 10−4 35– 4
800 0.925363 – 2.93720 0.464561 1.15931 3.52 × 10−5 35– 4
1100 1.23880 – 6.27177 1.03862 1.48149 1.51 × 10−5 35– 4

Methanol
513.38 0 0 0 0 – – 
530 0.090034 0.139399 – 0.572009 0.0966310 1.92 × 10−3 35– 4
560 0.226436 0.344300 – 1.43274 0.246627 1.35 × 10−3 35– 4
600 0.318943 0.468338 – 2.04519 0.341325 2.34 × 10−3 49– 4
620 0.337330 0.504670 – 2.37958 0.340104 9.52 × 10−4 35– 4

Helium
5.1953 0 0 0 0 – – 
7.5 0.0904707 – 7.11586 0.0863656 0.284548 9.75 × 10−4 41– 4
10 0.190229 – 19.0232 0.202242 0.559605 3.46 × 10−3 37– 4
20 0.498046 – 74.8669 0.623956 1.21082 8.43 × 10−3 37– 4
40 1.31049 – 89.2046 0.856790 1.60806 7.36 × 10−4 37– 4
60 1.98393 – 88.6894 0.952134 1.75416 1.29 × 10−4 37– 4
80 2.51624 – 99.4124 1.06980 1.70703 2.13 × 10−5 37– 4
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4.3  Saturation Curves of Nitrogen, Methane, Carbon Dioxide, Methanol, 
and Helium

An analytic representation of the liquid saturation volume V1(T) , cf. Section 4.2, is 
obtained by performing least-squares fits to saturation data in the subcritical interval 
Tmelt ≤ T ≤ Tc , using the shifted broken power-law distribution [9, 36]

The fitting parameters in (4.6) are the positive amplitudes b0 , b1 , the real expo-
nent �0 and the positive exponents �1 , �1 and �2 , �2 . The critical volume Vc is listed in 
Table 1 for the respective fluids.The liquid saturation density is the reciprocal satu-
ration volume, n1(T) = 1∕V1(T).

Analogously, an analytic representation of the vapor saturation volume V2(T) and 
density n2(T) = 1∕V2(T) is regressed by means of the broken power law

(4.6)V1(T) = Vc − b0T
�0

1

(1 + (T∕b1)
�1∕�1)�1

(1 − (T∕Tc)
�2∕�2)�2

Table 4  Fitting parameters of the supercritical �k and � scale factors of the EoS of nitrogen, cf. Sec-
tion 3.3. Recorded are the parameters of the scale factors �k(T) , k = 2, 3, 4 , and �(T) in (3.3), regressed 
from supercritical data sets (Tj, �2(Tj)) , (Tj, �3(Tj)) , (Tj, �4(Tj)) and (Tj, �(Tj)) , respectively, listed in 
Table 3. The analytic structure of these scale factors is (�k(T), �(T)) = b(T∕Tc)

�−�� ((T∕Tc)
� − 1)� , with 

amplitude b and positive exponents � , � and real exponent � recorded in this table for nitrogen. �2 is 
the minimum of the least-squares functional. The data points and regressed scale factors of nitrogen are 
depicted in Fig. 2

Nitrogen b � � � �2

�
2
(T) 0.550497 3.32074 1.93678 0.708894 3.40 × 10−5

�
3
(T) 1.48680 5.70322 20.6390 0.742472 8.52 × 10−5

�
4
(T) 0.223917 5.54255 15.7205 0.668164 3.64 × 10−2

�(T) 2.24321 3.29133 4.34955 – 0.154612 8.94 × 10−3

Table 5  Fitting parameters of the supercritical �k and � scale factors of the EoS of methane. The ana-
lytic scale factors are broken power laws, (�2(T), �(T)) = b(T∕Tc)

�−�� ((T∕Tc)
� − 1)� , cf. (3.3), and 

(�3(T), �4(T)) = b(T∕Tc)
�−1−�� ((T∕Tc)

� − 1)� (T∕Tc − 1 − c) , cf. (3.4), with real amplitude b , positive 
amplitude c , positive exponents � , � and real exponent � recorded in this table for methane. The least-
squares regression is based on supercritical data sets (Tj, �2(Tj)) , (Tj, �3(Tj)) , (Tj, �4(Tj)) and (Tj, �(Tj)) in 
Table 3. Also listed is the minimum �2 of the least-squares functional. The data points and the regressed 
analytic �k and � functions of methane are depicted in Fig. 7

Methane b c � � � �2

�
2
(T) 0.322619 – 3.87525 0.913392 0.997089 7.56 × 10−4

�
3
(T) 1.96844 0.351717 8.50423 1.73158 0.847164 3.53 × 10−4

�
4
(T) 196.363 0.141321 2.35904 × 10−6 0.503170 0 2.59 × 10−2

�(T) 0.624807 – 3.91010 1.07028 0.415198 2.11 × 10−3
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 in the temperature interval Tmelt ≤ T ≤ Tc , with positive amplitudes  b0 , b1 , real 
exponent �0 and positive exponents �1 , �1 , �2 . (In the case of helium, Tmelt is replaced 
by the lambda point.)

Plots of the liquid and vapor saturation volumes V1(T) and V2(T) of nitrogen, 
methane, carbon dioxide, methanol and helium are depicted in Figs.  3, 8, 13, 18 
and 23, respectively, including residual plots. The regression is based on data sets 
from Ref. [26]. The multiparameter reference EoS used to generate the data points 
(in Ref. [26]) of the nitrogen saturation curve (and the data sets of the pressure iso-
therms in Sect. 3) is discussed in Refs. [16, 17]; the reference EoS of methane can 
be found in Ref. [19], of carbon dioxide in Ref. [20] and helium in Ref. [44]. The 
methanol data sets in Ref. [26] are based on data tables in Ref. [43].

The fitting parameters of the liquid saturation volume V1(T) in (4.6) are listed 
in Table  9, and the parameters of the vapor saturation volume V2(T) in (4.7) are 
recorded in Table 10. The broken power-laws (4.6) and (4.7) have also been used for 
the saturation densities of pure water and hydrogen [9].

The empirical saturation pressure Psat(T) (cf. the end of Sect. 4.2) in the subcriti-
cal interval Tmelt ≤ T ≤ Tc is modeled with the broken power law

(4.7)V2(T) = Vc + (b0T)
�0(1 + (T∕b1)

�1∕�1 )�1(1 − T∕Tc)
�2

(4.8)Psat(T) = (b0T)
�0

1

(1 + (T∕b1)
�1∕�1)�1

Fig. 7  Supercritical scale factors �k=2,3,4(T) , �(T) of the EoS of methane, cf. Section  3.3. The circles/
squares show data points (Tj, �2,3,4(Tj)) , (Tj, �(Tj)) from Table  3, at Tc , 220, 250, 300, 400, 500 and 
600 K, cf. Section 3.2. The solid curves depict the regressed supercritical rho and sigma functions �2(T) , 
�(T) in (3.3) and �3,4(T) in (3.4), with fitting parameters in Table 5
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The fitting parameters in this case are the positive amplitudes b0 , b1 , the real expo-
nent �0 and the positive exponents �1 , �1 . The least-squares fits and residual plots 
of the saturation pressure (4.8) of nitrogen, methane, carbon dioxide, methanol and 
helium are shown in Figs. 4, 9, 14, 19 and 24, respectively. The data sets depicted in 
these figures are from Ref. [26], based on multiparameter reference equations quoted 
above, and the regressed parameters of Psat(T) are recorded in Table 11.

5  Implementation of the Empirical Saturation Curve 
in the Subcritical EoS

The EoS (2.1), (2.2) and the Helmholtz free energy (4.1) are structured as

(5.1)P(n, T)∕R = Tp1(n) +

4
∑

k=2

(1 − �k(T))pk(n) − (1 − �(T))pattr(n)

Fig. 8  Liquid and vapor saturation volumes of methane, cf. Section 4.3. Data points from Ref. [26]. Depicted are 
the liquid saturation volume V1(T) in (4.6) with parameters in Table 9 (blue curve) and the vapor saturation volume 
V2(T) in (4.7) with parameters in Table 10 (red curve). The temperature range covers the subcritical interval, from 
the melting point at 90.69 K to the critical temperature at 190.56 K, cf. Table 1. The diamond indicates the critical 
point (Tc,Vc) . Residuals of the regressed liquid and vapor saturation volumes are shown in the lower panel
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Fig. 9  Saturation pressure of methane. Data points from Ref. [26]. Depicted is the regressed saturation 
pressure Psat(T) in (4.8) with parameters in Table  11 (solid red curve). The vertical dashed line indi-
cates the reduced temperature of the melting point, and the diamond depicts the critical point (Tc,Pc) , 
cf. Table 1. The blue dashed curve shows the saturation pressure P(n1(T),T) calculated via EoS (2.1), 
(2.2) (with subcritical scale factors �k(T) , �(T) in (5.7)), where n1(T) = 1∕V1(T) is the liquid saturation 
density, cf. Sects. 4.2, 4.3 and Fig. 8. Psat(T) and P(n1(T),T) very nearly coincide, which is a consistency 
check of the subcritical EoS, cf. Sect. 5. Residuals of the regressed and calculated (from EoS) saturation 
pressure are shown in the lower panels
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The density-dependent coefficient functions pk(n) in (5.1) can be read off from 
EoS (2.1), (2.2),

with c1 = 1 and regressed parameters c2,3,4 and b0 , �0 obtained from a fit of the criti-
cal isotherm, cf. Section 3.1; the constants Q0 , A , B are defined in Sect. 2. The coef-
ficient functions of the Helmholtz free energy (5.2) read

 where Fk=1,2,3,4(n) and Fattr(n) denote integrals enumerated in Sect. 4.1.
The Gibbs free energy G(n,T) = F(n, T) + P(n, T)∕n in (4.5) can accordingly be 

assembled as

(5.2)F(n, T)∕R = Tf1(n) +

4
∑

k=2

(1 − �k(T))fk(n) − (1 − �(T))fattr(n)

(5.3)pk(n) ∶=
ckn

k

(1 − n∕b0)
�0
, pattr(n) ∶= (n∕nc)

2Q0e
A(n−nc)(n−nc+B),

(5.4)fk(n) ∶= ckFk(n), fattr(n) ∶= n−2
c
Q0Fattr(n)

Fig. 10  Subcritical scale factors of the EoS of methane. The red and green curves show the scale factors 
�2(T) and �(T) of EoS (2.1), (2.2) in the subcritical interval Tmelt < T < Tc , calculated in (5.7). (The scale 
factors �3(T) and �4(T) of the EoS have been put to zero in this interval.) The vertical dashed line indi-
cates the melting temperature, cf. Table 1. The depicted data points were obtained from empirical satura-
tion data in Fig. 8 by making use of the double-tangent construction to the free energy, cf. Sects. 4.2 and 
5
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 with density-dependent coefficients

In Eqs. (4.5) of the double-tangent construction, we substitute the decomposi-
tions (5.1) and (5.5) of P(n, T) and G(n,T) . This gives two equations linear in the 
four scale factors �k=2,3,4(T) , �(T) of the EoS (2.1), (2.2). In the subcritical regime 
Tmelt ≤ T ≤ Tc , it suffices to put �3(T) = �4(T) = 0 and solve the resulting linear 
two-by-two system (4.5) for �2(T) and �(T) . The explicit solution thereof reads

where we use the shortcuts

and

It remains to substitute the regressed analytic representations (4.6) and (4.7) of 
the liquid and vapor saturation densities n1(T) = 1∕V1(T) and n2(T) = 1∕V2(T) 
into (5.8) and (5.9). In this way, analytic closed-form scale factors �2(T) , �(T) are 
obtained, valid in the subcritical interval Tmelt ≤ T ≤ Tc . (In the case of helium, Tmelt 
is replaced by the lambda point.) The subcritical EoS P(n, T) in (2.1), (2.2) is thus 
completely specified by substituting the scale factors �2(T) and �(T) as stated in 
(5.7) and putting the two remaining scale factors �3(T) and �4(T) to zero.

(5.5)G(n, T)∕R = Tg1(n) +

4
∑

k=2

(1 − �k(T))gk(n) − (1 − �(T))gattr(n)

gk(n) ∶= ckFk(n) +
pk(n)

n

(5.6)gattr(n) ∶= n−2
c
Q0Fattr(n) +

pattr(n)

n

�2(T) =
DI − BJ

AD − BC

(5.7)�(T) =
CI − AJ

AD − BC

A ∶= p2(n1) − p2(n2), B ∶= pattr(n1) − pattr(n2)

C ∶= g2(n1) − g2(n2)

(5.8)D ∶= gattr(n1) − gattr(n2)

I ∶= T(p1(n1) − p1(n2)) +

4
∑

k=2

(pk(n1) − pk(n2)) − (pattr(n1) − pattr(n2))

(5.9)J ∶= T(g1(n1) − g1(n2)) +

4
∑

k=2

(gk(n1) − gk(n2)) − (gattr(n1) − gattr(n2))
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Fig. 11  Carbon dioxide pressure isotherms. Data points from Ref. [26]; see also Ref. [20] for the mul-
tiparameter reference EoS used to generate the data. The red solid curves show isotherms of EoS (2.1), 
(2.2) (with parameters b0, ck , �0 for carbon dioxide in Table 2). The scale factors �k(T) , �(T) of the EoS 
of carbon dioxide in the supercritical regime T > Tc are defined in (3.3), (3.4) and Table 6. In the subcrit-
ical temperature interval Tmelt ≤ T < Tc , the scale factors �k(T) , �(T) are calculated from the empirical 
saturation curve (green solid curve), cf. Sects. 4.2, 4.3 and 5. The red solid curves show the supercritical 
isotherms at 1100, 600 and 400 K, as well as the critical isotherm passing through the critical point at 
304.13 K and also the subcritical 250 K isotherm. The horizontal dashed line connects the vapor and liq-
uid saturation points on the 250 K isotherm, cf. Section 4.2. The endpoints of the liquid–vapor saturation 
curve at the melting temperature of 216.6 K are depicted as black diamonds. Also shown for comparison 
are the isotherms of the cubic Peng–Robinson EoS (blue dashed curves), cf. (3.2) and Table 1. Residuals 
of selected isotherms are shown in the lower panels
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The subcritical scale factors �2(T) and �(T) of nitrogen, methane, carbon dioxide, 
methanol and helium are plotted in Figs. 5, 10, 15, 20 and 25, respectively, as red 
and green solid curves calculated via (5.7). The data points (Ti, �2(Ti)) and (Ti, �(Ti)) 
indicated in these figures are also obtained from (5.7), but in this case substitut-
ing the data sets (Ti, n1,i = 1∕V1,i) and (Ti, n2,i = 1∕V2,i) of the liquid and vapor 
saturation densities into (5.8) and (5.9) instead of the regressed analytic functions 
n1(T) = 1∕V1(T) and n2(T) = 1∕V2(T) . (These data sets and the regressed satura-
tion volumes are depicted in Figs. 3, 8, 13, 18 and 23 for the respective fluids, cf. 
Section 4.3.)

Table 6  Fitting parameters of the supercritical rho and sigma scale factors of the EoS of carbon diox-
ide  (CO2). The scale factors are broken power laws (�2(T), �(T)) = b(T∕Tc)

�−�� ((T∕Tc)
� − 1)� , cf. (3.3), 

and (�3(T), �4(T)) = b(T∕Tc)
�−1−�� ((T∕Tc)

� − 1)� (T∕Tc − 1 − c) , cf. (3.4), with real amplitude b , posi-
tive amplitude c , positive exponents � , � and real exponent � recorded in this table for carbon dioxide. 
The least-squares regression is based on supercritical data sets (Tj, �2(Tj)) , (Tj, �3(Tj)) , (Tj, �4(Tj)) and 
(Tj, �(Tj)) in Table 3. The data points and regressed analytic functions are depicted in Fig. 12. Also listed 
is the minimum �2 of the least-squares functional (which is structured analogously to �2 in (3.1))

CO2 b c � � � �2

�
2
(T) 0.402080 – 4.56500 1.29080 0.878095 1.42 × 10−9

�
3
(T) – 3.16675 0.672605 6.17106 3.18722 1 1.00 × 10−3

�
4
(T) 2.18404 × 107 0.510170 2.68473 × 10−6 1.30212 0 7.63 × 10−3

�(T) 0.588643 – 8.00454 2.70151 0.714267 3.01 × 10−4

Fig. 12  Supercritical scale factors �k=2,3,4(T) , �(T) of the EoS of carbon dioxide, cf. Section  3.3. The 
circles/squares show data points (Tj, �2,3,4(Tj)) , (Tj, �(Tj)) from Table  3, at Tc , 400, 500, 600, 800 and 
1100  K, cf. Section  3.2. The solid curves depict the regressed supercritical rho and sigma functions 
�2(T) , �(T) in (3.3) and �3,4(T) in (3.4), with fitting parameters in Table 6
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In Figs.  1, 6, 11, 16 and 21, the data points of the liquid branches of the sub-
critical isotherms (at temperatures close to the melting point) are nearly vertically 
stacked, which has implications for error propagation. If the density n is changed 
by a small measurement error, n → n + Δn , the resulting relative error of P(n) is 
P,n(n)Δn∕P(n) . (We keep T  fixed and drop the temperature variable in P(n, T) , which 
is defined by EoS (2.1), (2.2) with scale factors (5.7).) Dividing this by the relative 
error Δn∕n gives nP,n(n)∕P(n) . This quotient of the relative errors of P(n) and n is 
independent of Δn and can be written as derivative d logP(n)∕d log n , which is just 
the slope of the P(n) isotherms in log–log representation as depicted in Figs. 1, 6, 
11, 16 and 21; see also Ref. [36]. The log–log slopes of the liquid branches of the 
subcritical isotherms in these figures are very steep, especially close to the satura-
tion curve from where they emanate. Accordingly, the quotient of the relative errors 
of P(n) and n in this region is also large. Not only P(n) is rapidly varying in the 

Fig. 13  Liquid and vapor saturation volumes of carbon dioxide  (CO2). Data points (squares, circles) 
from Ref. [26]. Depicted are the liquid saturation volume V1(T) in (4.6) with parameters in Table 9 (blue 
curve), and the vapor saturation volume V2(T) in (4.7) with parameters in Table 10 (red curve). The tem-
perature range covers the subcritical interval, from the melting temperature of 216.6  K to the critical 
temperature of 304.13 K, cf. Table 1. The vertical dashed line indicates the reduced melting temperature, 
and the diamond depicts the critical point (Tc,Vc) . Residuals of the regressed liquid and vapor saturation 
volumes are shown in the lower panel
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vicinity of the liquid saturation density at temperatures close to the melting point but 
also its log–log derivative. Therefore, we refrain from indicating residuals for the 
depicted subcritical isotherms in Figs. 1, 6, 11, 16 and 21.

In Eqs. (4.5) of the common tangent construction, it is possible to replace the 
first equation by P(n1(T), T) = Psat(T) and P(n2(T), T) = Psat(T) , in this way also 

Fig. 14  Saturation pressure of carbon dioxide, cf. Section 4.3. Data points from Ref. [26]. Depicted is the 
regressed saturation pressure Psat(T) in (4.8), with parameters in Table 11 (solid red curve). The vertical 
dashed line indicates the reduced melting temperature, and the diamond depicts the critical point (Tc,Pc) , 
cf. Table 1. The blue dashed curve shows the saturation pressure P(n1(T),T) calculated via EoS (2.1), 
(2.2) (with subcritical scale factors �k(T) , �(T) in (5.7)), where n1(T) = 1∕V1(T) is the liquid saturation 
density, cf. Sects. 4.2, 4.3 and Fig. 13. Psat(T) and P(n1(T),T) very nearly coincide, which is a consist-
ency check of the subcritical EoS, cf. Sect. 5. Residuals of the regressed and calculated (from EoS) satu-
ration pressure are shown in the lower panels
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implementing the empirical saturation pressure Psat(T) in analytic form (4.8) (with 
parameters in Table 11). We can then put the scale factor �4(T) in (5.1) and (5.5) to 
zero and solve the resulting linear three-by-three system for the scale factors �2(T) , 
�3(T) and �(T) . However, this three-by-three system tends to be ill-conditioned, 
since solution (5.7) of the two Eqs. (4.5) already accurately reproduces the empirical 
saturation pressure.

In fact, the regressed saturation pressure Psat(T) in (4.8) should coincide with 
P(n1(T), T) and P(n2(T), T) , where P(n, T) is the EoS (2.1), (2.2) (with subcritical 
scale factors specified in (5.7)) and n1(T) , n2(T) are the regressed liquid and vapor 
saturation densities in (4.6) and (4.7). P(n1(T), T) is identical with P(n2(T), T) , 
cf. (4.5), and is depicted in Figs. 4, 9, 14, 19 and 24 as blue dashed curve, closely 
approximating the empirical Psat(T) in (4.8) (red solid curve in these figures). The 
subcritical EoS defined in (2.1), (2.2) and (5.7) is thus consistent with the empirical 
saturation curve and the common tangent construction to the Helmholtz free energy, 
cf. Sects. 4.1 and 4.2.

6  Conclusion

The purpose of this paper is to demonstrate the wide applicability of EoS (2.1), 
(2.2), by discussing the phase equilibria and high-pressure isotherms of spe-
cific fluids such as nitrogen, methane, carbon dioxide, methanol and helium. The 

Fig. 15  Subcritical scale factors of the EoS of carbon dioxide. The red and green curves show the scale 
factors �2(T) and �(T) of EoS (2.1), (2.2) in the subcritical interval Tmelt < T < Tc , cf. (5.7). The scale 
factors �3(T) and �4(T) of the EoS have been put to zero in this interval. The vertical dashed line indi-
cates the reduced melting temperature, cf. Table 1. The depicted data points were obtained from empiri-
cal saturation data in Fig. 13, by solving Eqs. (4.5) of the double-tangent construction to the free energy, 
cf. Sects. 4.2 and 5
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critical-point parameters and melting temperatures of these fluids vary over a wide 
range, cf. Table  1. In each case, the EoS covers the temperature range above the 

Fig. 16  Methanol pressure isotherms. Data points from Ref. [26], based on data tables in Ref. [43]. Red 
solid curves depict isotherms of EoS (2.1), (2.2) (with parameters b0, ck, �0 in Table 2). The scale factors 
�k(T) , �(T) of the EoS of methanol in the supercritical regime T > Tc are defined in (3.3) and Table 7. 
In the subcritical interval Tmelt ≤ T < Tc , the scale factors �k(T) , �(T) are calculated from the empirical 
saturation curve (green solid curve), cf. Sects. 4.2, 4.3 and 5. The red solid curves show the supercritical 
isotherms at 620 and 560 K, the critical isotherm at 513.38 K and the subcritical 400 and 200 K iso-
therms. The horizontal dashed line connects the vapor and liquid saturation points on the 400  K iso-
therm, cf. Section 4.2. The endpoints of the liquid − vapor saturation curve at the melting temperature 
of 175.61 K are not shown, as they are located far outside the depicted pressure range, cf. Fig. 19. The 
saturation points on the 200 K isotherm are not visible in this figure for the same reason. Also shown are 
the isotherms of the cubic PR EoS (blue dashed curves), cf. (3.2) and Table 1. Residuals of selected iso-
therms are depicted in the lower panels
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melting point (or lambda point in the case of normal fluid helium) and densities up 
to the pressure singularity. In particular, the temperature-dependent scale factors of 
the EoS have been determined in each case, which define the temperature evolution 
as analytic functions in the super- and subcritical temperature ranges. The EoS (2.1) 
(2.2) is of closed form, it does not involve perturbative expansions such as ascending 
series around the critical point often invoked in the case of cubic equations, cf. e.g. 
Refs. [1, 30–34], or virial expansions in the case of atomistic interaction models, or 
PC-SAFT expansions [12–15], or perturbative corrections to a free (i.e. non-inter-
acting) molecular gas model as in the case of multiparameter EoSs [16–25, 40–42].

The EoS (2.1), (2.2) depends on five temperature-independent constants, 
regressed from the empirical critical isotherm, and also on four temperature-depend-
ent scale factors. The latter are either regressed from supercritical isotherms or, in 
the subcritical regime, determined from the saturation curve. Thus, the empirical 
input required is a data set for the pressure isotherm passing through the critical 
point. This determines the temperature-independent constants of the repulsive term 
of the EoS, cf. Section  3.1. The supercritical scale factors of the EoS are broken 
power laws inferred from measured supercritical isotherms, preferably spread over a 
wide temperature range, cf. Sects. 3.2 and 3.3. Empirical data of the liquid and vapor 
saturation densities are needed to find the subcritical scale factors and thus the sub-
critical EoS. We used synthetic data sets from Ref. [26], obtained from multiparam-
eter reference EoSs [16, 17, 19, 20, 44], which are an efficient means to combine and 
interpolate data sets collected from a large number of experimental papers (quoted 
in the mentioned references). The drawback of using synthetic data (provided in a 
convenient machine-readable format in Refs. [25, 26]) is that, especially in the criti-
cal region and also at high pressure, multiparameter EoSs are usually extrapolating 
beyond the available experimental data range, and the analytic high-pressure and 
high-temperature asymptotics of EoS (2.1), (2.2) depends on the extrapolated data 
points used in the regression. Alternatively, in the absence of experimental high-
pressure data, one can resort to data sets from molecular dynamics simulations, cf. 
e.g. Refs. [45–49].

In Sects.  4 and 5, we explained the calculation of the subcritical scale factors 
from the empirical liquid and vapor saturation curves, based on the common tangent 
construction to the Helmholtz free energy, which is equivalent to the equal-area con-
struction to subcritical isotherms. The free energy (obtained by density-integration 
of the EoS) becomes convex by way of the double tangent, cf. Figure 26, and Eqs. 
(4.5) derived from the tangent construction are exactly satisfied by the subcritical 
EoS. The EoS can, therefore, accurately reproduce the empirical coexistence curve, 
cf. Figures  1, 6, 11, 16, 21 and the liquid and vapor saturation densities, cf. Fig-
ures 3, 8, 13, 18, 23. We also note that EoS (2.1), (2.2) linearly depends on the tem-
perature-dependent scale factors, and this linearity is retained in the Helmholtz and 
Gibbs free energies, cf. Section 5. Thus the Eqs. (4.5) of the common tangent con-
struction are linear in the scale factors, admitting explicit analytic solution, cf. (5.7).

It is also evident from the subcritical pressure isotherms in Figs. 1, 6, 11, 16 and 
21, that the EoS (2.1), (2.2) with scale factors (5.7) accurately reproduces the empir-
ical isothermal data sets of the vapor and liquid phases to the left and right of the 
saturation curve. Especially the very steep liquid high-pressure isotherms closely 
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match the data sets, in contrast to the cubic Peng-Robinson isotherms, which are 
also depicted in these figures for comparison.

Table 7  Fitting parameters of the supercritical �k and � scale factors of the EoS of methanol. Recorded 
are the parameters b , � , � , � of the scale factors (3.3), (�k(T), �(T)) = b(T∕Tc)

�−�� ((T∕Tc)
� − 1)� , 

regressed from supercritical data sets of methanol in Table  3. �2 is the minimum of the least-squares 
functional. The data points and regressed scale factors of methanol are depicted in Fig. 17

Methanol b � � � �2

�
2
(T) 0.382176 13.0332 1.33983 0 8.64 × 10−5

�
3
(T) 0.558472 13.6085 1.32824 0 6.94 × 10−5

�
4
(T) – 3.09640 7.94592 1.12620 0 1.50 × 10−3

�(T) 0.369677 17.1586 1.55292 0 1.47 × 10−3

Fig. 17  Supercritical scale factors �k=2,3,4(T) , �(T) of the EoS of methanol, cf. Section 3.3. The circles/
squares show data points (Tj, �2,3,4(Tj)) , (Tj, �(Tj)) from Table 3, at Tc , 530, 560, 600 and 620 K, cf. Sec-
tion 3.2. The solid curves depict the regressed supercritical �k and � scale factors (3.3) of the EoS, with 
fitting parameters in Table 7
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Fig. 18  Liquid and vapor saturation volumes of methanol, cf. Section 4.3. Data points (squares, circles) 
from Ref. [26]. Depicted are the liquid saturation volume V1(T) in (4.6) with parameters in Table 9 (blue 
curve) and the vapor saturation volume V2(T) in (4.7) with parameters in Table 10 (red curve). The tem-
perature range covers the subcritical interval, from the melting temperature of 175.61 K to the critical 
temperature of 513.38 K. The vertical dashed line indicates the reduced melting temperature, and the dia-
mond depicts the critical point (Tc,Vc) . Residuals of the liquid and vapor branches of the regressed satu-
ration volume are shown in the lower panel
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Fig. 19  Saturation pressure of methanol. Data points from Ref. [26]. Depicted is the regressed satura-
tion pressure Psat(T) in (4.8), with parameters in Table  11 (solid red curve). The vertical dashed line 
indicates the reduced melting temperature, and the diamond depicts the critical point (Tc,Pc) . The blue 
dashed curve shows the saturation pressure P(n1(T),T) calculated via EoS (2.1), (2.2) (with subcritical 
scale factors �k(T) , �(T) in (5.7)), where n1(T) = 1∕V1(T) is the liquid saturation density of methanol, cf. 
Sects. 4.2, 4.3 and Fig. 18. Psat(T) and P(n1(T),T) very nearly coincide, which is a consistency check of 
the subcritical EoS, cf. Sect. 5. Residuals of the regressed and calculated (from EoS) saturation pressure 
are depicted in the lower panels
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Fig. 20  Subcritical scale factors of the EoS of methanol. The red and green curves show the scale factors 
�2(T) and �(T) of EoS (2.1), (2.2) in the subcritical interval Tmelt < T < Tc calculated in (5.7). The scale 
factors �3(T) and �4(T) of the EoS have been put to zero in this interval. The vertical dashed line indi-
cates the reduced melting temperature of methanol, cf. Table 1. The depicted data points were obtained 
from empirical saturation data, cf. Fig. 18, by solving Eqs. (4.5) of the common tangent construction to 
the free energy, cf. Sects. 4.2 and 5
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Fig. 21  Pressure isotherms of normal fluid helium. Data points from Ref. [26]; see also Ref. [44] for the 
multiparameter reference EoS used to generate the data. The red solid curves show isotherms of the EoS 
(2.1), (2.2) (with parameters b0, ck, �0 in Table 2). The scale factors �k(T) , �(T) of the EoS of helium in 
the supercritical regime T > Tc are defined in (3.3) and Table 8. In the subcritical temperature interval 
above the lambda point, �k(T) and �(T) are calculated from the empirical saturation curve (green solid 
curve), cf. Section 5. Depicted are the supercritical isotherms at 80, 60, 40, 20, 10 and 7.5 K as well 
as the critical isotherm at 5.195 K and the subcritical 2.5 K isotherm (red solid curves). The horizontal 
dashed line crossing the coexistence region connects the vapor and liquid saturation points on the 2.5 K 
isotherm, cf. Section  4.2. The black diamonds indicate the end points of the liquid − vapor saturation 
curve of normal fluid helium at the lambda point of 2.17 K. Also depicted are the isotherms of the cubic 
PR EoS (blue dashed curves), cf. (3.2) and Table 1. Residuals of selected isotherms are shown in the 
lower panels
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Table 8  Fitting parameters of the supercritical �k and � functions of the EoS of helium. Recorded are 
the parameters of the scale factors �k=2,3,4(T) and �(T) in (3.3), regressed from supercritical data sets of 
helium in Table 3. The analytic form of these scale factors is (�k(T), �(T)) = b(T∕Tc)

�−�� ((T∕Tc)
� − 1)� , 

with parameters b , � , � , � in this table. �2 is the minimum of the least-squares functional. The regressed 
scale factors of helium are depicted in Fig. 22

Helium b � � � �2

�
2
(T) 45.8199 7.84143 × 10−4 0.794948 0.738019 1.33 × 10−2

�
3
(T) −1.35524 × 1010 5.48038 × 10−4 2.47506 – 0.980931 4.51 × 10−2

�
4
(T) 8.90004 × 105 5.79490 × 10−4 1.88974 – 0.538322 1.22 × 10−2

�(T) 2.00552 × 105 3.52567 × 10−4 1.48602 – 0.485120 2.63 × 10−3

Fig. 22  Supercritical scale factors �k=2,3,4(T) , �(T) of the EoS of helium, cf. Section  3.3. The circles/
squares show data points (Tj, �2,3,4(Tj)) , (Tj, �(Tj)) from Table 3, at Tc , 7.5, 10, 20, 40, 60 and 80 K, cf. 
Section 3.2. The solid curves depict the regressed supercritical �k and � scale factors (3.3) of the EoS, 
with fitting parameters in Table 8
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Fig. 23  Liquid and vapor saturation volumes of normal fluid helium, cf. Section 4.3. Data points from 
Ref. [26]. Depicted are the liquid saturation volume V1(T) in (4.6) with parameters in Table  9 (blue 
curve) and the vapor saturation volume V2(T) in (4.7) with parameters in Table 10 (red curve). The tem-
perature range covers the subcritical interval from the lambda point at 2.17 K (vertical dashed line) to the 
critical temperature at 5.195 K, cf. Table 1. The diamond indicates the critical point (Tc,Vc) . Residuals of 
the regressed liquid and vapor saturation volumes are shown in the lower panel
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Fig. 24  Saturation pressure of helium. Data points from Ref. [26]. Depicted is the regressed saturation 
pressure Psat(T) in (4.8) with parameters in Table 11 (solid red curve). The vertical dashed line indicates 
the lambda point of 2.17  K, and the diamond depicts the critical point (Tc,Pc) , cf. Table  1. The blue 
dashed curve shows the saturation pressure P(n1(T),T) calculated via EoS (2.1), (2.2) (with subcritical 
scale factors �k(T) , �(T) in (5.7)), where n1(T) = 1∕V1(T) is the liquid saturation density, cf. Sects. 4.2, 
4.3 and Fig. 23. Psat(T) and P(n1(T),T) very nearly coincide, which is a consistency check of the sub-
critical EoS, cf. Section 5. Residuals of the regressed and calculated (from EoS) saturation pressure are 
shown in the lower panels
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Fig. 25  Subcritical scale factors of the EoS of normal fluid helium. The red and green curves show 
the scale factors �2(T) and �(T) of EoS (2.1), (2.2) in the subcritical interval, cf. (5.7). The scale fac-
tors �3(T) and �4(T) of the subcritical EoS have been put to zero. The vertical dashed line indicates the 
lambda point. The depicted data points were obtained from empirical saturation data in Fig. 23 by mak-
ing use of the double-tangent construction to the free energy, cf. Sects. 4.2 and 5
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Fig. 26  Common tangent construction to the free energy of nitrogen at 70 K. Panel (a) of this figure is a 
zoom-in of panel (b). Depicted is a plot of the free energy F(V ,T = 70 K) in (4.1), (4.2) (red curve) and 
the double tangent (blue line) to F at the liquid and vapor saturation volumes V1(70 K) = 33.5 cm3∕mol 
and V2(70 K) = 1.48 × 104 cm3∕mol , cf. Section 4.2. The tangent points are indicated as diamonds. In 
panel (b), the tangent point at the liquid saturation volume is still partially visible on the left edge of the 
figure. One of the zeros of the free energy is marked by a square to facilitate linking the two panels. Lin-
ear coordinates are used, even though V1(70 K) and V2(70 K) differ by three orders, to make the convex-
ity of the subcritical F apparent, once the double-tangent construction is performed
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Table 9  Parameters defining the analytic temperature dependence of the liquid saturation volume V1(T) 
of nitrogen, methane, carbon dioxide, methanol and helium, cf. Section 4.3. Recorded are the positive 
amplitudes b0 , b1 , the real exponent �0 and the positive exponents �1 , �1 , �2 , �2 of the broken power-law 
density V1(T) in (4.6), obtained from a least-squares fit to data sets from Ref. [26]. The data points and 
the regressed V1(T) are depicted in Figs. 3, 8, 13, 18 and 23 for the respective fluids. The listed �2 is the 
minimum of the least-squares functional; the degrees of freedom (dof, cf. the caption of Table 2) are also 
recorded

b0[cm
3mol−1 K−�0 ] �0 b1[K] �1 �1 �2 �2 �2 dof

Nitrogen 110.810 – 0.158904 138.244 5.70348 0.839397 7.23765 0.285113 2.67 × 10−5 33– 7

Methane 120.103 – 0.141963 210.191 5.36481 0.836709 6.78565 0.283434 4.29 × 10−5 51– 7

CO2 497.024 – 0.402778 312.485 9.78168 0.718373 13.9711 0.28881 3.40 × 10−5 45– 7

Methanol 134.300 – 0.103994 618.199 5.87851 1.01705 8.49846 0.332598 6.56 × 10−5 35– 7

Helium 30.3449 0.00592655 6.55154 4.72611 1.15346 4.76567 0.28717 8.39 × 10−6 30– 7

Table 10  Fitting parameters of the vapor saturation volume V2(T) of nitrogen, methane, carbon dioxide, 
methanol and helium

The least-squares fits to data sets from Ref. [26] are performed with the broken power-law density V2(T) 
in (4.7), which is parametrized with the positive amplitudes b0 , b1 , the real exponent �0 and the positive 
exponents �1 , �1 , �2 . The data points and regressed vapor saturation volume are depicted in Figs. 3, 8, 13, 
18 and 23. The minimum of the �2 functional and the degrees of freedom (dof) are also recorded

b0[cm
3∕�0mol−1∕�0K−1] �0 b1[K] �1 �1 �2 �2 dof

Nitrogen 5.74035 × 10−3 – 10.7184 74.1664 4.79736 0.461257 0.465391 2.75 × 10−3 33– 6

Methane 4.17063 × 10−3 – 11.4937 105.741 6.00405 0.773832 0.487113 2.17 × 10−3 51– 6

CO2 1.56901 × 10−3 – 7.97217 229.412 0.826036 0.00742083 0.452759 8.24 × 10−3 45– 6

Methanol 4.54123 × 10−3 – 49.3822 178.633 45.0552 17.6058 0.516138 2.66 × 10−3 35– 6

Helium 0.152798 – 6.79789 1.89905 3.83928 0.927474 0.519655 3.37 × 10−5 30– 6

Table 11  Fitting parameters of the saturation pressure of nitrogen, methane, carbon dioxide, methanol 
and helium. The saturation pressure is modeled as broken power law Psat(T) in (4.8)

The recorded parameters (amplitudes b0 , b1 and exponents �0 , �1 , �1 ) of Psat(T) are regressed from data 
sets in Ref. [26], cf. Section 4.3. The least-squares fits of the saturation pressure are depicted in Figs. 4, 
9, 14, 19 and 24. The minimum of the �2 functional and the degrees of freedom (dof) are also listed

b0[MPa1∕�0 / K] �0 b1[K] �1 �1 �2 dof

Nitrogen 1.40654 × 10−2 17.8624 63.644 12.8498 3.33542 4.41 × 10−5 33– 5
Methane 9.82594 × 10−3 17.9060 92.067 13.0044 3.57733 8.41 × 10−5 51– 5
CO2 4.41153 × 10−3 10.7263 232.64 4.20132 0.42257 1.33 × 10−5 45– 5
Methanol 6.47472 × 10−3 61.4721 152.765 57.4331 27.5447 6.81 × 10−4 35– 5
Helium 0.213581 6.49896 2.39168 2.75126 0.670632 9.72 × 10−5 30– 5
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