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a b s t r a c t

Hamiltonians with explicit temperature and density dependence are employed in classical and quantized
partition functions to derive caloric and thermal equations of state (EoS) for real gases and liquids. To
define a fluid equilibrium system, the density- and temperature-dependent Hamiltonian has to satisfy an
equilibrium condition derived here, which ensures that the internal-energy derivative of entropy co-
incides with the reciprocal temperature. The inverse problem to obtain an effective Hamiltonian from a
prescribed thermal EoS is discussed, and explicit examples of this reconstruction are given for cubic and
non-cubic EoSs. A non-cubic multi-parameter EoS is proposed, a generalization of the Peng-Robinson
EoS, which can accurately reproduce the power-law ascent of pressure isotherms in the high-
pressure/high-density regime. This EoS is put to test by fitting isothermal data sets of classical and
quantum fluids (nitrogen, carbon monoxide, methane, carbon dioxide, methanol, water, hydrogen and
helium) over an extended pressure range up to 1 GPa, at critical, super- and subcritical temperatures. The
least-squares fits are compared with the cubic Peng-Robinson approximation of the pressure isotherms,
which becomes singular at high density. The internal-energy variable derived from the effective
Hamiltonian can also be used to discriminate between different EoSs in the high-density regime, as
demonstrated with methane isotherms.

© 2019 Elsevier B.V. All rights reserved.
1. Introduction

Starting with an empirical equation of state (EoS), we show how
to obtain an effective Hamiltonian which defines the partition
function of an equilibrium system and reproduces the prescribed
thermal EoS. The formalism developed is motivated by the Debye-
Hückel theory of dilute plasmas and electrolytes [1e3]. In this
theory, the Coulomb potential is turned into a short-range inter-
action by adding an exponential screening factor. The exponent of
this cutoff factor is explicitly depending on temperature and par-
ticle density. To evaluate the partition function, the screened
Coulomb potential is expanded in an ascending power series in the
radial coordinate, and only the second term thereof, which is in-
dependent of the radial coordinate, is retained.

In effect, the Coulomb potential of the Hamiltonian is replaced
by a constant independent of the radial coordinate but depending
on temperature and particle density, since the exponent of the
cutoff factor depends on these variables. In this approximation, the
partition function can be evaluated in closed form, as well as the
entropy function and the internal energy. Since the Hamiltonian is
explicitly temperature and density dependent, the internal-energy
derivative of entropy does not exactly coincide with the inverse
temperature, which is a basic requirement of an equilibrium sys-
tem, but contains some additional terms. These terms become
negligible in the low-density regime, so that the density- and
temperature-dependent Hamiltonian of the Debye-Hückel theory
still defines an equilibrium system at low density, suitable to model
dilute electrolytes [3].

Here, we consider a more general context, fluid equations of
state empirically obtained, and reconstruct the effective tempera-
ture- and density-dependent Hamiltonian reproducing the pre-
scribed EoS. In contrast to the Debye-Hückel theory, a low-density
approximation is not assumed. In fact, the formalism is designed to
be efficient at high pressure and high density, where virial/fugacity
expansions fail. Since the Hamiltonian is density and temperature
dependent, it has to satisfy an equilibrium condition for the parti-
tion function to define an equilibrium entropy. Explicit examples of
effective Hamiltonians are given for cubic equations of state such as
the Peng-Robinson (PR) EoS and Soave-Redlich-Kwong (SRK) EoS,
cf. Refs. [4,5] for reviews of these equations. The general recon-
struction method of effective Hamiltonians and partition functions,
applicable to non-cubic EoSs, is also explained and tested with a
multi-parameter EoS.
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A non-cubic multi-parameter EoS is introduced, distinguished
from cubic EoSs by a non-singular repulsive term. Isothermal high-
pressure/high-density data sets [6] of several classical and quantum
gases/liquids are considered, and least-squares fits of the proposed
EoS to critical, sub- and supercritical pressure isotherms are
performed. The fitted isotherms are compared with
approximations obtained with the cubic PR EoS which predicts a
singularity in the pressure isotherms at high density, whereas the
proposed EoS reproduces the power-law ascent observed in
isothermal data sets above the critical density and manifested by
nearly straight power-law slopes in log-log plots.

The PR and SRK equations depend on an empirical function of
temperature in the attractive term of the EoS. This ‘alpha function’
is parametrized with the acentric factor of the fluid. There is a vast
body of literature on attempts to find a simple analytic expression
of this function, e.g., Refs. [7e20]. Typically, a specific analytic
temperature dependence is assumed with a constant depending on
the acentric factor u. This constant is assumed to be a polynomial in
u with coefficients to be determined by regression analysis based
on a large number of compounds, see Refs. [21,22] for recent esti-
mates. A variety of alpha functions suggested over the years is listed
in Table 4-7 of Ref. [4] and Table 1 of Ref. [5].

In the low and intermediate density and pressure regime, the PR
and SRK equations endowed with up-to-date alpha functions [22]
are quite efficient to predict thermodynamic variables over a wide
temperature and u range, especially for engineering applications.
However, their ability to reproduce high-pressure data sets is
limited, even qualitatively, as will be demonstrated in this paper. As
mentioned, the non-cubic multi-parameter EoS proposed here has
a repulsive term which stays regular at high density, so that high-
pressure/high-density data sets can be reproduced with good
precision, and the same holds true for the internal energy at high
density. The basic prediction is that the pressure isotherms are
singularity free at high density, with power-law increase beyond
the density limit suggested by cubic equations.

Non-cubic equations of state like the modified Benedict-Webb-
Rubin EoS [23,24], Wagner EoS [25,26], SAFT EoS [27] and GERG-
2008 EoS [28] contain a large number of terms, sometimes moti-
vated by high-order virial expansions. These multi-parameter EoSs
can be marred by consecutive Maxwell loops in the two-phase
region [29]. Despite the fact that the proposed non-cubic EoS is a
multi-parameter equation, the subcritical pressure isotherms safely
admit only one Maxwell loop (defined by a unique local maximum
followed by a minimum in the coexistence region), since the EoS is
structurally close to a cubic equation, consisting only of an attrac-
tive and repulsive term.

In the remainder of this section, we give an outline of the paper.
In Section 2.1, classical partition functions are studied, defined by
an effective Hamiltonian depending on temperature and particle
density. The caloric and thermal equations of state are derived, by
employing the equilibrium condition satisfied by the effective
Hamiltonian. In Section 2.2, the inverse problem is considered:
based on a prescribed thermal EoS, the effective Hamiltonian
defining the EoS is reconstructed. Analytically solvable examples
are given, by calculating the effective Hamiltonians of the van der
Waals, PR and SRK EoSs. In Section 3, the equilibrium condition for
a temperature- and density-dependent Hamiltonian is derived,
applicable to classical and quantized partition functions.

In Section 4.1, a non-cubic EoS is introduced by adapting the
repulsive and attractive terms of the PR EoS to high-pressure/high-
density data sets. The repulsive term is singularity free and the EoS
is capable of reproducing the power-law slopes emerging at high
density in double-logarithmic plots of the pressure isotherms. The
EoS also accurately reproduces the isotherms in the vicinity of the
critical point. In Section 4.2, the PR and SRK EoSs are shown to be
special cases of the proposed non-cubic EoS, obtained by suitably
specifying the amplitudes and exponents which are otherwise fit
parameters of the EoS.

In Section 4.3, the critical, super- and subcritical pressure iso-
therms of classical and quantum gases/liquids (nitrogen, carbon
monoxide, methane, carbon dioxide, methanol, water, hydrogen
and helium) are studied, and least-squares fits of the proposed EoS
to isothermal data sets [6] are performed, which extend over
several orders in pressure up to 1 GPa. The temperature dependent
amplitudes and power-law exponent defining the attractive term of
the EoS are treated as temperature dependent fitting parameters
rather than as analytic functions. The fits are compared with the PR
approximation which predicts a singularity in the pressure iso-
therms at high density.

In Section 4.4, the temperature evolution of pressure isotherms
is studied in the vicinity of the critical temperature. Power series
expansions are employed to model the temperature dependence of
the EoS. That is, the temperature dependent exponent and ampli-
tudes of the EoS are specified as analytic functions. A specific
example, the EoS of water, is worked out. The power series co-
efficients are inferred from least-squares fits, using data sets ob-
tained in Section 4.3 from water pressure isotherms.

This paper focuses on pressure isotherms at high density. In
Section 5, we also discuss the internal energy derived from cubic
and non-cubic EoSs by way of their effective Hamiltonian. In
particular, the internal energy of methane at critical, sub- and su-
percritical temperatures is studied. At high density, qualitative
differences emerge in the internal-energy isotherms obtained from
cubic and non-cubic equations, which are subjected to test by
comparison with high-density data sets of methane. Section 6
summarizes the results and conclusions.
2. Classical statistics with temperature- and density-
dependent Hamiltonian

2.1. Effective partition function, thermal and caloric equations of
state

We consider the classical spectral density

drðpÞ ¼ 4ps

ð2pÞ3
e�a�bHðp;T ;nÞp2dp (2.1)

where the effective Hamiltonian Hðp; T ;nÞ depends on the particle
momenta p, temperature and particle density n ¼ N=V [30e32]. s is
the spin degeneracy, a the fugacity parameter, and b ¼ 1=T . (Z ¼
kB ¼ 1.) The particle density, internal energy density u ¼ U=V,
partition function Z and the spectral density are related by the
general equilibrium identities

n¼ � ðlog ZÞ;a
V

¼
ð∞
0

drðpÞ (2.2)

u¼ � ðlog ZÞ;b
V

¼
ð∞
0

Hðp; T ;nÞdrðpÞ (2.3)

The identity x :¼ log Z=V ¼ n holds as well, based on the clas-
sical spectral density (2.1).

The effective Hamiltonian in (2.1) is specified as

Hðp; T ;nÞ¼ gðT ;nÞp2 þ hðT ;nÞ (2.4)

where gðT;nÞ and hðT;nÞ are arbitrary functions of temperature and
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density. The integrals in (2.2) and (2.3) are then elementary:

n ¼ 4ps

ð2pÞ3
e�a�hðT ;nÞ=T

ffiffiffi
p

p
4

1

ðgðT ;nÞ=TÞ3=2
(2.5)

u¼hðT ;nÞnþ gðT ;nÞ 4ps

ð2pÞ3
e�a�hðT ;nÞ=T

ffiffiffi
p

p
4

3
2

1

ðgðT;nÞ=TÞ5=2
(2.6)

Solving Eq. (2.5) for a and introducing the shortcut ~gðT ; nÞ ¼
logð2mgðT ;nÞÞ, where m is the particle mass, we obtain

aðT;nÞ ¼ 3
2
log T � 3

2
~gðT ;nÞ � log n� hðT;nÞ

T

þ log

 ffiffiffi
p

p
4

4ps

ð2pÞ3
!

þ 3
2
log ð2mÞ

(2.7)

Substituting this into (2.6), the internal energy density u ¼ U= V
(caloric EoS) becomes

uðT ;nÞ¼hðT;nÞnþ 3
2
nT (2.8)

and the derivatives of uðT;nÞ and the fugacity parameter read

u;T ¼h;Tnþ 3
2
n; u;n ¼ hþ h;nnþ 3

2
T (2.9)

a;T ¼
3
2
1
T
� 3
2
~g;T � h;T

T
þ h
T2

; a;n ¼ �3
2
~g;n �

1
n
� h;n

T
(2.10)

In Section 3, we will derive the equilibrium condition x;T �u=
T2 þ a;Tn ¼ 0 (with x ¼ log Z=V) in a more general context also
applicable to quantum systems, cf. (3.12). This is a necessary and
sufficient condition ensuring that the internal-energy derivative of
entropy is the inverse temperature, S;U ¼ 1=T . For a classical fluid
system (2.1), (2.4), this condition simplifies to

h;T ðT;nÞþ ~g;T ðT;nÞ
3
2
T ¼ 0 (2.11)

since in this case x ¼ n, cf. after (2.3) and (2.8), (2.10). The otherwise
arbitrary functions hðT ;nÞ and gðT ;nÞ ¼ e~gðT ;nÞ=ð2mÞ in Hamiltonian
(2.4) have to satisfy this condition for the spectral density (2.1) to
define an equilibrium system.

The thermal equation of state P ¼ Tðx � x;nn � a;nn2Þ, derived in
Section 3, is based on a classical or quantized partition function
defined by an effective Hamiltonian Hðp; T;nÞ depending on tem-
perature and particle density, cf. (3.13). For a classical system
specified by the spectral density (2.1) and Hamiltonian (2.4) subject
to the equilibrium condition (2.11), this EoS and its temperature
derivative can be written as

P¼ Tnþ n2
�
h;n þ3

2
~g;nT

�
; P;T ¼ nþ 3

2
~g;nðT;nÞn2 (2.12)

where we used again the classical identity x ¼ n and (2.10). Simi-
larly, the chemical potential m¼ �Tðx;n þaþa;nnÞ derived in (3.13)
simplifies for a classical system (2.1), (2.4), (2.11) to

m¼ � Taþ n
�
h;n þ 3

2
~g;nT

�
(2.13)

with the fugacity parameter aðT ;nÞ in (2.7) substituted.
The isochoric heat capacity CV ¼ Vu;T is defined by u;T in (2.9),

and the specific entropy density S =V ¼ sðT;nÞ ¼ xþ anþ u= T, cf.
(3.7), is assembled from (2.7) and (2.8),

s¼n

"
3
2
logT�3

2
~gðT;nÞ� lognþ log

 ffiffiffi
p

p
4

4ps

ð2pÞ3
!
þ3
2
logð2mÞþ5

2

#
(2.14)

The Helmholtz free energy, F ¼ ðu� TsÞV , can be assembled
from (2.8) and (2.14).
2.2. Reconstruction of the effective Hamiltonian from an empirical
thermal EoS

Based on a prescribed equation of state PðT; nÞ, an effective
Hamiltonian H ¼ gðT;nÞp2 þ hðT ;nÞ, gðT ;nÞ ¼ e~gðT ;nÞ=ð2mÞ, cf. (2.4),
can be found which satisfies the equilibrium condition (2.11) and
defines the spectral density (2.1) reproducing the EoS. The tem-
perature- and density-dependent functions ~gðT ;nÞ, hðT;nÞ defining
H are calculated as

~gðT ;nÞ¼2
3

ðn
0

�
P;T ðT ;nÞ

n2
�1
n

�
dn (2.15)

hðT ;nÞ¼
ðn
0

�
PðT ;nÞ
n2

� TP;T ðT ;nÞ
n2

�
dn (2.16)

These relations are obtained by combining the n derivative of
the equilibrium condition (2.11) and the temperature derivative of
PðT ;nÞ =T in (2.12), resulting in h;nðT ;nÞ, i.e. the n derivative of (2.16).
Substitution of this h;n into P in (2.12) gives ~g;nðT ;nÞ, i.e. the n de-
rivative of (2.15). The integrations in (2.15) and (2.16) are done ac-
cording to the boundary conditions hðT ;n¼ 0Þ ¼ 0 and
~gðT ;n¼ 0Þ ¼ 0 or gðT ;n ¼ 0Þ ¼ 1=ð2mÞ, so that the free Hamiltonian
of an ideal classical gas is recovered in the limit of vanishing den-
sity. It is also assumed that the pressure PðT;nÞ converges to the
pressure P � nT of an ideal gas in the limit of vanishing n, so that
the integrands in (2.15) and (2.16) are integrable at n ¼ 0.

In the case of cubic EoSs, the integrals (2.15) and (2.16) can be
evaluated in closed form, whereas the integrands defined by the
non-cubic EoS in (4.10) do not admit elementary integration but are
singularity free and numerically tame, see Section 5. In the case of
the van der Waals EoS, the effective Hamiltonian reads
H¼ gðT ;nÞp2 þ hðT;nÞ with

gðT ;nÞ¼ 1
2m

ð1� bnÞ�2=3; hðT ;nÞ¼ � an; P ¼ nT
1� bn

� an2

(2.17)

where a and b are positive constants and n<1 =b. The functions
gðT ;nÞ and hðT ;nÞ are calculated from the EoS in (2.17) by way of
(2.15) and (2.16). The Hamiltonian (2.4) specified in this way sat-
isfies the equilibrium condition (2.11), and the EoS in (2.12) re-
produces the van der Waals EoS in (2.17) as well as the caloric EoS
uðT ;nÞ ¼ 3nT=2� an2, cf. (2.8).

The effective Hamiltonian of the SRK EoS is analogously defined
by

gðT ;nÞ¼ 1
2m

ð1� bnÞ�2=3ð1þ bnÞ�2a0 ðTÞ=ð3bÞ

hðT ;nÞ ¼
�
Ta

0 ðTÞ� aðTÞ
�1
b
logð1þ bnÞ
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P¼ nT
1� bn

� aðTÞn2
1þ bn

(2.18)

Where aðTÞ is an empirical temperature dependent factor in the
indicated EoS [4]. The prime denotes a temperature derivative.

In the case of the PR EoS, the effective Hamiltonian (2.4) and the
EoS are specified by

gðT ;nÞ¼ 1
2m

ð1� bnÞ�2=3

0@1þ bn
.� ffiffiffi

2
p

� 1
�

1� bn
.� ffiffiffi

2
p

þ 1
�
1A�a

0 ðTÞ=ð3 ffiffiffi2p
bÞ

hðT;nÞ ¼
�
Ta

0 ðTÞ� aðTÞ
� 1
2
ffiffiffi
2

p
b
log

1þ bn
.� ffiffiffi

2
p

� 1
�

1� bn
.� ffiffiffi

2
p

þ 1
�

P¼ nT
1� bn

� aðTÞn2
1þ 2bn� b2n2

(2.19)

Here, aðTÞ is again a temperature dependent empirical factor
[4,5]. These equations of state will be further discussed in Section
4.2.
3. Equilibrium condition for the effective Hamiltonian

We consider a partition function of the form

x¼ 1
V
log Z ¼ 4ps

ð2pÞ3
ð∞
0

f ð�a� bHðp; T ;nÞÞp2dp (3.1)

where f ðxÞ and the effective Hamiltonian Hðp; T ;nÞ are arbitrary
functions. Otherwise, the notation is the same as indicated after in
(2.1). The particle density n ¼ N=V and the internal energy density
u ¼ U=V admit the integral representations stated in (2.2) and (2.3),
with spectral density

drðpÞ ¼ 4ps

ð2pÞ3
f
0 ð �a� bHðp; T;nÞÞp2dp (3.2)

The prime denotes the derivative of f ðxÞ. In the classical case,
f ðxÞ ¼ ex as in (2.1), and effective fermionic/bosonic quantum dis-
tributions are defined by the partition function and spectral density

x¼ logZF;B
V

¼ ±
4ps

ð2pÞ3
ð∞
0

log
�
1± e�a�bHðp;T ;nÞ

�
p2dp (3.3)

drF;BðpÞ ¼
4ps

ð2pÞ3
p2dp

eaþbHðp;T ;nÞ±1
(3.4)

so that fF;BðxÞ ¼ ±logð1±exÞ. The effective Hamiltonian Hðp; T ;nÞ
depends on the momentum variable, temperature and particle
density.

Eq. (2.2) with spectral density dr in (3.2) can be solved for the
fugacity parameter, a ¼ aðT ;nÞ. This aðT ;nÞ is then substituted into
the spectral density (3.2), the internal energy density (2.3) and the
partition function (3.1). Having eliminated the fugacity parameter
in this way, we obtain the internal energy density u ¼ uðT ;nÞ and
the partition function x ¼ xðT ;nÞ in ðT ;nÞ parametrization. Equation
u ¼ uðT ;nÞ can be solved for the temperature variable, T ¼ bT ðu;nÞ,
with derivatives bT ;u ¼ 1=u;T and bT ;n ¼ � u;n=u;T .

We will use ðu;nÞ parametrizations (denoted by a hat) of the
fugacity parameter and the partition function,

a¼ baðu;nÞ ¼ a
�bT ðu;nÞ;n�; x ¼ bxðu;nÞ ¼ x

�bT ðu;nÞ;n� (3.5)

which admit the derivatives

ba;u ¼
a;T
u;T

; ba;n ¼ a;n � a;T
u;n
u;T

; bx;u ¼ x;T
u;T

; bx;n ¼ x;n � x;T
u;n
u;T

(3.6)

expressed in ðT ;nÞ parametrization.
The entropy density s ¼ SðT;N;VÞ=V is assembled from the

particle density n, internal energy density u and partition function
x ¼ log Z=V ,

sðT ;nÞ¼ xðT ;nÞ þ aðT;nÞnþ uðT;nÞ=T (3.7)

In ðu;nÞ parametrization, this reads

s¼bsðu;nÞ ¼ s
�bT ðu;nÞ;n� ¼ bxðu;nÞ þ baðu;nÞnþ u

.bT ðu;nÞ
(3.8)

with derivatives

bs;u ¼ 1
u;T

�
x;T �

u
T2

þa;Tn
�
þ 1
T

(3.9)

bs;n ¼ x;n þ aþ
�
a;n �a;T

u;n
u;T

�
n�

�
x;T �

u
T2

�
u;n
u;T

(3.10)

Since SðU;N;VÞ ¼ Vbsðu;nÞ,
S;U ¼bs;u; S;N ¼ bs;n; S;V ¼ �bs;nn� bs;uuþ bs (3.11)

In an equilibrium system, the contact variables are defined by
the entropy derivatives S;U ¼ 1=T , S;V ¼ P=T , S;N ¼ � m=T . The first
of these equations thus requires the equilibrium condition, cf. (3.9),

x;T �
u
T2

þ a;Tn ¼ 0 (3.12)

By making use of (3.9)e(3.12), we find the entropy derivatives
S;N ¼ x;n þ aþ a;nn and S;V ¼ x� x;nn� a;nn2, which define the
pressure (thermal EoS) and the chemical potential,

P¼ T
�
x� x;nn�a;nn2

�
; m ¼ �T

�
x;n þaþa;nn

�
(3.13)

Eqs. (2.11) and (2.13), which are based on the classical spectral
density (2.1) and Hamiltonian (2.4), make these identities more
explicit. (In this classical case, aðT ;nÞ and uðT;nÞ can be calculated
in closed form, cf. (2.7) and (2.8), and xðT ;nÞ ¼ n.)

The isothermal compressibility and the isobaric expansion co-
efficient are obtained by solving the thermal EoS in (3.13) for the
density variable, n ¼ bnðP;TÞ:
kT ¼ � V;P

V
¼ bn;Pbn ¼ 1

nP;n
; aexp ¼ V;T

V
¼ �bn;Tbn ¼ P;T

nP;n
(3.14)

The isochoric/isobaric heat capacities are calculated via CV ¼
Vu;T , CP ¼ CV þ VTa2exp=kT and the adiabatic compressibility by way
of kS ¼ kTCV=CP , which are general equilibrium identities.
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4. A non-cubic multi-parameter equation of state

4.1. Adapting cubic EoSs to high-pressure data sets

For the proposed fluid EoS, we use the general ansatz

P¼ gðn; TÞ � f ðn; TÞA; Aðn; TÞ ¼ aðTÞ
1þ cðTÞnþ dðTÞn2 (4.1)

where gðn; TÞ and f ðn; TÞ are functions of temperature and molar
density n defining the repulsive and attractive terms, respectively.
The factor Aðn; TÞ is modeled after the attractive term in the PR EoS,
cf. (2.19). The functions gðn; TÞ, f ðn; TÞ and amplitudes aðTÞ, cðTÞ,
dðTÞ will be specified subsequently, and their T dependence will
occasionally be suppressed. The critical point is denoted by ðPc;nc;
TcÞ. The EoS (4.1) is supposed to satisfy the conditions P;nðn; TÞ ¼ 0
and P;n;nðn; TÞ ¼ 0 at the critical point, which is the inflection point
of the Tc isotherm. The resulting three equations

P¼ g � fA; g;n � f;nA� fA;n ¼ 0;
g;n;n � f;n;nA� 2f;nA;n � fA;n;n ¼ 0

(4.2)

taken at ðPc;nc; TcÞ can unambiguously be solved for the parameters
ðaðTcÞ; cðTcÞ; dðTcÞÞ in (4.1). The first step is to successively solve
(4.2) for A, A;n and A;n;n:

A¼ g � P
f

; A;n ¼ g;n
f

� f;n
g � P
f 2

A;n;n ¼ 1
f

	
g;n;n � f;n;n

g � P
f

�2f;n

�
g;n
f
� f;n

g � P
f 2

�

(4.3)

Thenwe calculate the first and second n derivatives of the factor
Aðn; TÞ in (4.1) and solve these three equations for ða;c;dÞ, obtaining

a ¼ 2A3

2A2 þ 2AA;nnþ 2A2
;nn2 � AA;n;nn2

c¼ �
2
�
AA;n þ 2A2

;nn� AA;n;nn
�

2A2 þ 2AA;nnþ 2A2
;nn2 � AA;n;nn2

d¼ � 2A2
;n � AA;n;n

2A2 þ 2AA;nnþ 2A2
;nn2 � AA;n;nn2

(4.4)

taken at the critical point ðPc;nc;TcÞ. The third step is to substitute
the derivatives (4.3), also taken at ðPc;nc;TcÞ, into (4.4). In this way,
the coefficients ðaðTcÞ; cðTcÞ; dðTcÞÞ can be expressed in terms of P
and gðn; TÞ, f ðn; TÞ and their first and second n derivatives at the
critical point ðPc;nc;TcÞ.

We specialize the functions gðn; TÞ and f ðn; TÞ in (4.1) as

gðn; TÞ¼nT
�
1þ

�n
b

�l=h�h

; f ðn; TÞ ¼ naðTÞ (4.5)

where aðTÞ is a temperature dependent exponent. The exponents l,
h and amplitude b are constants independent of temperature. The
EoS (4.1) then reads

P¼nT
�
1þ

�n
b

�l=h�h

� naðTÞaðTÞ
1þ cðTÞnþ dðTÞn2 (4.6)

The cubic equations of state in (2.17)e(2.19) are special cases
thereof, cf. Section 4.2.
Introducing the rescaled quantities bb ¼ b=nc and

bA¼nac�1
c
Tc

AðPc;nc; TcÞ; bA;n ¼ nac
c
Tc

A;n; bA;n;n ¼ nacþ1
c
Tc

A;n;n (4.7)

where ac :¼ aðTcÞ, we obtain, bymaking use of (4.3) and (4.5) taken
at ðPc;nc;TÞ,

bA¼
�
1þ bb�l=h�h � Zc

bA;n ¼acZc þ
�
1þ bb�l=h�h�1h

1� ac þ bb�l=hð1� ac þ lÞ
i

bA;n;n ¼ � Zcacð1þ acÞ þ
�
1þ bb�l=h�h�2hðac � 1Þac

þ bb�2l=hðl� acÞðl� ac þ 1Þ þ bb�l=h�
2a2c � 2ac � 2acl

þ l2
.
hþ l

�i
(4.8)

Here, the critical compressibility factor is denoted by Zc ¼
Pc=ðncTcÞ. A rescaling of the parameters in (4.4) gives

ba¼ nac�1
c
Tc

aðTcÞ ¼ 2bA3

2bA2 þ 2bAbA;n þ 2bA2
;n � bAbA;n;n

bc¼nccðTcÞ ¼ �
2
�bAbA;n þ 2bA2

;n � bAbA;n;n

�
2bA2 þ 2bAbA;n þ 2bA2

;n � bAbA;n;n

bd¼n2cdðTcÞ ¼
2bA2

;n � bAbA;n;n

2bA2 þ 2bAbA;n þ 2bA2
;n � bAbA;n;n

(4.9)

with bA and its derivatives listed in (4.8) substituted.
It remains to restore the gas constant R in the compressibility

factor, Zc ¼ PcVc=ðRTcÞ, where Vc ¼ 1=nc denotes the critical molar
volume, so that the parameters in (4.8) and (4.9) are dimensionless
constants (denoted by a hat). n½mol=cm3� ¼ NA=V is the molar
density, R ¼ NAkB ¼ 8:3145 J=ðK molÞ, and MPa units (that is
J =cm3) are used for pressure.

By introducing reduced quantities, Tr ¼ T=Tc, nr ¼ n=nc, the EoS
(4.6) can be written as

Pðn; TÞ ¼ RncTc

"
nrTr

 
1þ

�
nrbb
�l=h

!h

� naðTÞr sðTÞ
1þ rðTÞnr þ cðTÞn2r

#
(4.10)

At the critical temperature, the constants sðTcÞ ¼ ba, rðTcÞ ¼ bc
and cðTcÞ ¼ bd have been calculated in (4.8) and (4.9). The
temperature-dependent dimensionless functions sðTÞ ¼
ðnaðTÞ�1

c =TcÞaðTÞ, rðTÞ ¼ nccðTÞ, cðTÞ ¼ n2cdðTÞ, cf. (4.1), and the
exponent aðTÞ are otherwise arbitrary. The stated values of sðTÞ,
rðTÞ, cðTÞ at Tc are defined by the three conditions Pc ¼ Pðnc; TcÞ,
P;nðnc; TcÞ ¼ 0 and P;n;nðnc;TcÞ ¼ 0, see after (4.1). The exponents l,

h and the dimensionless amplitude bb are temperature-independent
fitting parameters, to be determined from the Tc isotherm.

When performing isothermal fits in Section 4.3, we will use a
positive amplitude bb as well as positive exponents l, h, so that the
repulsive term of the EoS (4.10) is non-singular, in contrast to cubic
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EoSs, cf. Section 4.2. The EoS (4.10) can accurately reproduce the
isotherms in the high-pressure/high-density regime, which admit
nearly straight power-law slopes in log-log plots, cf. Section 4.3.
Finally, since the exponents l, h and aðTÞ are non-integer, obtained
from least-squares fits, the virial expansion of the EoS (4.10) con-
tains non-integer powers of the reduced density nr, in contrast to
cubic EoSs [33e35].

4.2. Cubic equations as special cases: Peng-Robinson and Soave-
Redlich-Kwong EoS

Cubic equations of state can be obtained from the EoS (4.10) by
specifying the parameters as a ¼ 2, l¼ h ¼ �1 and bb¼ � 1= bp withbp >0. We then find, via (4.8) and (4.9),

ba ¼ ð1þ ðbp � 1ÞZcÞ3
.
Zc (4.11)

bc¼1=Zc þ bp � 3 (4.12)

bd ¼ 3bp � 2bp2 � bp=Zc � ðbp � 1Þ3Zc (4.13)

The amplitudes rðTÞ and cðTÞ in the EoS (4.10) are assumed to be

constants, rðTÞ ¼ bc, cðTÞ ¼ bd (see after (4.10)), and the
temperature-dependent third amplitude can be written as sðTÞ ¼babsðTÞ, with bsðTcÞ ¼ 1. The EoS (4.10) then simplifies to the cubic
equation

Pðn; TÞ ¼ RncTc

 
nrTr

1� bpnr � n2r babsðTÞ
1þ bcnr þ bdn2r

!
(4.14)

In the case of the PR and SRK equations, bp and Zc are specified as
universal constants in (4.11)e(4.13). The Patel-Teja and Trebble-
Bishnoi generalizations [36e42] of the PR EoS are also special
cases of the cubic EoS (4.14). The repulsive term in (4.14) always
leads to a singularity at nr ¼ 1=bp, irrespective of whether bp is
treated as universal constant or fit parameter.

In Section 4.3, quantitative comparisons of the PR EoS with the
non-cubic EoS (4.10) will be performed, by using pressure iso-
therms of classical and quantum fluids. In the PR EoS, the param-
eters bp and Zc in (4.11)e(4.13) are specified as

bp ¼ 1
3

�
2
r
� 1� r

�
; Zc ¼ 3r

2þ 8r � r2
; r ¼

�
6
ffiffiffi
2

p
� 8
�1=3

(4.15)

That is, bp ¼ 0:253077, Zc ¼ 0:307401 and thus, cf. (4.11)e(4.13),ba ¼ 1:48742, bc ¼ 0:506153 and bd ¼ � 0:0640478. This rather
peculiar choice of parameters can be motivated as follows. The
denominator of the attractive term in the EoS (4.14) can be fac-

torized as 1 þ bcnr þ bdn2r ¼ ð1 þ babpnrÞð1 � bbbpnrÞ, so that bc ¼
ðba�bbÞbp and bd ¼ � babbbp2, to be substituted into Eqs. (4.12) and
(4.13). We then solve Eq. (4.12) for Zc,

Zc ¼ 1�ba � bb�bp � bp þ 3
(4.16)

and substitute this into (4.13) to arrive at a cubic equation for bp,
1�3bp þ 3

�
� baþ bbþ babb�bp2

þ
�
� ba2 þ babbþ ba2bb� bb2 � babb2�bp3 ¼ 0

(4.17)

The numerical values for bp and Zc in (4.15) are obtained from
(4.16) and (4.17) with the parameter choice ba ¼ 1=ð
ffiffiffi
2

p
�1Þ and bb ¼

1=ð
ffiffiffi
2

p
þ 1Þ; bp stated in (4.15) is the only real solution of (4.17). By

the way, the van der Waals equation in (2.17) corresponds to the

parameter choice ba¼ bb ¼ 0 in (4.16) and (4.17), so that bp ¼ 1=3,

Zc ¼ 3=8, bc ¼ bd ¼ 0, ba ¼ 9=8, cf. (4.11)e(4.13).
In the case of the SRK equation, it is assumed in (4.11)e(4.13)

that Zc ¼ 1=3, so that bc ¼ bp, and furthermore that bd ¼ 0, so that
(4.13) gives a cubic equation for bp which admits the unique real
solution bp ¼ 21=3 � 1 ¼ 0:259921, and accordingly ba ¼ 1:28244, cf.
(4.11). In (4.16) and (4.17), this EoS corresponds to the parameter

choice ba ¼ 1 and bb ¼ 0.
The temperature dependent factor bsðTÞ (‘alpha function’) in the

cubic EoS (4.14) has to be empirically determined. (In the van der
Waals equation, bsðTÞ ¼ 1 by definition.) In the case of the PR and
SRK equations, a frequently used analytic shape isbsðTÞ ¼ ð1þ UðuÞð1� ffiffiffiffiffi

Tr
p ÞÞ2, where U depends on the acentric

factor u of the fluid [4,43]. Recent estimates of U for the PR and SRK
equations, regressed from 1721 compounds [22], read

UPRðuÞ¼0:3919þ 1:4996u� 0:2721u2 þ 0:1063u3 (4.18)

USRKðuÞ¼ 0:4810þ 1:5963u� 0:2963u2 þ 0:1223u3 (4.19)

A large number of other analytic functions bsðTÞ have been sug-
gested for cubic equations of type (4.14), see Table 1 of Ref. [5],
usually involving the first few terms of a power series in 1� ffiffiffiffiffi

Tr
p

or
1� Tr, cf., e.g., Refs. [7e21].
4.3. Testing equations of state with pressure isotherms of classical
and quantum fluids

Figs. 1e8 show least-squares fits of the non-cubic multi-
parameter EoS (4.10) to pressure isotherms of nitrogen, carbon
monoxide, methane, carbon dioxide, methanol and water, as well
as to the quantum fluids hydrogen and helium. The data sets are
taken from Ref. [6] and cover an extended pressure range, up to
1 GPa. Fits are performed to the critical isotherm and to isotherms
at super- and subcritical temperatures. The isotherms are depicted
in double-logarithmic representation to better identify straight
power-law slopes emerging at high density above the critical point.
The critical and fitting parameters of the EoS (4.10) are listed in
Tables 1e3. Also indicated in Figs. 1e8 are the pressure isotherms
(dotted blue curves) of the PR EoS (4.14) (with parameters in (4.15),
(4.18) and Table 1) which is known to give slightly better approx-
imations to measured isotherms than the SRK EoS [16,17].

The PR EoS (and, for that matter, also the SRK EoS) satisfies the
required conditions P;nðnc; TcÞ ¼ 0 and P;n;nðnc; TcÞ ¼ 0 at the crit-
ical point, see after (4.1), but the condition Pc ¼ Pðnc; TcÞ is satisfied
only if the assumed value of the compressibility factor, Zc ¼
Pc=ðRTcncÞ ¼ 0:307, is consistent with the actually measured crit-
ical parameters ðPc;nc;TcÞ, cf. Table 1. In the PR equation, this pre-
scribed Zc is a universal constant, cf. (4.15). However, Pc =ðRTcncÞ is
about 0:22 for methanol and 0:23 for water and as low as 0:117 for
hydrogen fluoride, which means that the critical isotherm defined
by the PR equation is off the mark at the critical point, see Figs. 5
and 6. (The critical isotherm is independent of the choice of the
empirical alpha function bsðTÞ, since bsðTcÞ ¼ 1 by definition, cf.
(4.14) and (4.18).) The measured critical compressibility factor Zc is
usually smaller than 0:3, except for quantum fluids where it is
slightly larger [4,43].

According to the cubic EoS (4.14), the maximal reduced density
attainable is nmax

r ¼ 1=bp, at which the repulsive term of the EoS



Fig. 2. Carbon monoxide pressure isotherms. Data points from Ref. [6]. The log-log
plots show the critical isotherm at Tc ¼ 132:9 K as well as sub- and supercritical iso-
therms at 80 K and 300 K (solid red curves). The least-squares fits are performed with
the non-cubic EoS (4.10), the fitting parameters are listed in Tables 2 and 3, and the
critical parameters in Table 1. The negative component of the 80 K subcritical isotherm,
where the local minimum of the Maxwell loop is located, is depicted as �PðnÞ in this
log-log representation; the preceding local maximum is also clearly visible. Subcritical
pressure isotherms of EoS (4.10) have two local extrema defining a single loop. The
dotted blue curves depict the PR approximation of the isotherms, based on Eqs. (4.14),
(4.15) and (4.18).

Fig. 3. Methane pressure isotherms. Data points from Ref. [6]. Depicted are the critical
isotherm at 190:6 K and sub- and supercritical isotherms at 100 K and 400 K (solid red
curves). The fits are performed with EoS (4.10). The ascent of the 100 K isotherm in the
liquid phase is extremely steep and requires fit parameters accurate to several decimal
digits as listed in Tables 2 and 3. The dotted curves indicate the PR approximation of
the isotherms, which gives good fits of the three data sets only below the critical
density of 0:010 mol =cm3. The 100 K PR isotherm (dotted, blue) in the liquid phase
and the critical PR isotherm deviate noticeably from the high-density data points.

Fig. 4. Carbon dioxide pressure isotherms. Data points from Ref. [6]. Depicted are the
critical isotherm at 304:1 K as well as sub- and supercritical isotherms at 250 K and
800 K (solid red curves). The dashed black line connects the saturation points on the
subcritical isotherm. The least-squares fits are performed with the multi-parameter
EoS (4.10), the fitting parameters are recorded in Tables 2 and 3, the critical parame-
ters in Table 1. The dotted blue curves show the PR isotherms, which fail to reproduce
the data sets above the critical density of 0:011 mol =cm3, in particular the nearly
straight power-law slope of the critical isotherm, in contrast to the isotherms of EoS
(4.10) (solid red curves).

Fig. 1. Nitrogen pressure isotherms. Data points from Ref. [6]; squares/circles/di-
amonds indicate supercritical/critical/subcritical data points, respectively, at the indi-
cated temperature. The solid red curves depict least-squares fits of the non-cubic
multi-parameter EoS (4.10). The fit parameters and determination coefficients are
recorded in Tables 2 and 3. The dashed black line connects the saturation points on the
70 K subcritical isotherm, crossing the vapor/liquid coexistence region. The dotted blue
curves show the PR approximation defined in (4.14), (4.15) and (4.18), with critical
temperature, critical density and acentric factor listed in Table 1. The PR EoS predicts a
singularity of the pressure isotherms at the limit density nc =bp ¼ 0:044 mol= cm3, cf.
(4.15), in contrast to EoS (4.10).
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becomes singular and the pressure diverges (as illustrated by the
dotted curves depicting PR isotherms in Figs. 1e8). The parameter bp
is a universal constant in the PR and SRK equations, cf. (4.15).
Instead of assuming universal prescribed values for Zc and bp, one
can use the measured value of Zc ¼ Pc=ðRTcncÞ in Eqs. (4.11) and
(4.13), so that the general cubic EoS in (4.14) is satisfied at the
critical point, Pc ¼ Pðnc;TcÞ, and one can try to specify the param-
eter bp by fitting the critical isotherm (which becomes singular at
nr ¼ 1=bp) to a data set. However, the actual problem with cubic
equations is the lack of any indication of a singularity in experi-
mental pressure isotherms. If one uses double-logarithmic plots for
the isothermal data points, as done in Figs. 1e8, one finds a nearly
straight power-law increase of the pressure at high density, rather
than a sudden upward bend of the isotherms indicating a singu-
larity. The power-law slope of the critical isotherms is particularly
pronounced. Therefore, in the absence of a singularity indicated by
the data points, and irrespective of whether bp is a prescribed or
fitting parameter (since this parameter defines a singularity in the
cubic EoS (4.14) in any case), cubic EoSs tend to be inaccurate at
high pressure, as they predict a singularity instead of the measured
power-law increase of the pressure isotherms apparent in log-log
plots. In contrast, the multi-parameter EoS (4.10) reproduces the
power-law slope emerging in the isothermal data sets above the



Fig. 5. Methanol pressure isotherms. Data points from Ref. [6]. Depicted are the critical
isotherm at Tc ¼ 513:4 K and sub- and supercritical isotherms at 400 K and 600 K
(solid red curves). The least-squares fits are performed with the non-cubic multi-
parameter EoS (4.10), the fitting parameters are listed in Tables 2 and 3. In contrast to
Figs. 1e4, the PR approximation (dotted, blue) of the critical isotherm is inaccurate at
the critical point ðPc;nc;TcÞ, nc ¼ 8:8� 10�3mol=cm3, since the critical compressibility
factor Zc of methanol (see Table 1) substantially deviates from the universal Zc
assumed in the PR equation, cf. (4.15).

Fig. 6. Water pressure isotherms. Data points from Ref. [6]. Depicted are the critical
isotherm at 647:1 K and sub- and supercritical isotherms at 300 K and 1200 K (solid
red curves). The fits are performed with the EoS (4.10), the fitting parameters are listed
in Tables 2 and 3, the critical parameters in Table 1. The dashed green curves, which
almost perfectly coincide with the 1200 K isotherm and the subcritical 300 K isotherm
in the liquid phase (solid red curves) are also based on EoS (4.10). In this case, the
amplitudes sðTÞ, rðTÞ, cðTÞ and exponent aðTÞ in the attractive term of EoS (4.10) are
treated as analytic functions of temperature rather than as fit parameters, cf. Section
4.4, Fig. 9 and Table 4. At the critical temperature, these functions coincide with the
parameters sðTcÞ, rðTcÞ, cðTcÞ and aðTcÞ listed in Table 2, so that the critical isotherm
(solid red curve) is exactly reproduced. The dotted blue curves show the PR isotherms,
based on Eqs. (4.14), (4.15) and (4.18). As in the case of methanol, cf. Fig. 5, the critical
compressibility factor of water Zc ¼ 0:23 deviates from the universal Zc ¼ 0:31
assumed in the PR EoS, cf. (4.15) and Table 1, which is the reason for the inaccurate
approximation (dotted, blue) of the critical isotherm in the vicinity of the critical
density nc ¼ 1:8� 10�2mol=cm3.

Fig. 7. Hydrogen pressure isotherms. Data points from Ref. [6]. Depicted are the critical
isotherm at Tc ¼ 33:15 K as well as sub- and supercritical isotherms at 16 K and 60 K
(solid red curves). The least-squares fits are performed with the EoS (4.10). Even
though hydrogen is a quantum fluid at low temperature, the classical multi-parameter
EoS (4.10) gives accurate fits to the data sets. The fit parameters recorded in Tables 2
and 3 are also similar to those of the classical gases/liquids in Figs. 1e6. The dotted
blue curves show the PR approximation, which deviates from the data points above the
critical density nc ¼ 1:55� 10�2mol=cm3; especially the nearly straight power-law
slope of the critical isotherm is not reproduced by the PR EoS.

Fig. 8. Helium pressure isotherms. Data points from Ref. [6]. Depicted are the critical
isotherm at Tc ¼ 5:2 K and sub- and supercritical isotherms at 2:5 K and 10 K (solid red
curves). The least-squares fits are performed with the non-cubic EoS (4.10), the fitting
parameters are listed in Tables 2 and 3, the critical parameters in Table 1. As in the case
of hydrogen, cf. Fig. 7, the PR approximation (dotted blue curves) fails at high density
for this quantum liquid, whereas the isotherms of the multi-parameter EoS (4.10)
accurately fit these low-temperature data sets.

Table 1
Critical temperature Tc, particle density nc and pressure Pc of the fluids in Figs. 1e8,
cf. Ref. [6]. The critical compressibility factor is Zc ¼ Pc=ðncTcRÞ, cf. after (4.9). Also
listed is the acentric factor u used in the alpha function of the PR EoS, cf. (4.14) and
(4.18).

Tc½K� nc½mol=cm3� Pc½MPa� Zc u

Nitrogen 126.19 0.011184 3.3958 0.28939 0.0372
Carbon monoxide 132.86 0.010850 3.4982 0.29187 0.050
Methane 190.56 0.010139 4.5992 0.28629 0.01142
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critical density and even the low-temperature isotherms of quan-
tum fluids, see Figs. 7 and 8, and gives a definite prediction of the
isotherms above the pressure limit of 1 GPa of the data sets.
Carbon dioxide 304.13 0.010634 7.3773 0.27435 0.22394
Methanol 513.38 0.0087851 8.2158 0.21909 0.5625
Water 647.10 0.017868 22.064 0.22951 0.3443
Hydrogen 33.145 0.015508 1.2964 0.30334 �0.219
Helium 5.1953 0.017399 0.22637 0.30120 �0.382
4.4. Temperature evolution of pressure isotherms

To obtain the temperature parametrization of EoS (4.10) requires



Table 2
Fitting parameters of the critical pressure isotherms in Figs. 1e8. The EoS used for the least-squares fits reads, cf. (4.10),

Pðn;TÞ ¼ RncTc

"
nrTr

 
1þ

�
nrbb
�l=h

!h

� naðTÞr sðTÞ
1þ rðTÞnr þ cðTÞn2r

#
where Tr ¼ T=Tc and nr ¼ n=nc denote the reduced temperature and molar density and R is the gas constant. The amplitude bb and exponents l, h in the repulsive term are

constants independent of temperature, applying to all isotherms of a given fluid. The critical isotherm is fitted with Tc in Table 1; the listed fit parameters are bb, l, h and the
exponent aðTcÞ in the attractive term. R2 is the determination coefficient of the fits as defined in Eq. (1) of Ref. [44]. Also recorded are the critical amplitudes sðTcÞ, rðTcÞ, cðTcÞ in
the attractive term of the EoS, calculated from the fit parameters and the compressibility factor Zc, cf. after (4.10) and Table 1.

bb l h aðTcÞ 1� R2 sðTcÞ � rðTcÞ cðTcÞ

Nitrogen 0.65946 1.9992 1.0064 2.1927 1:1� 10�4 1.9235 0.45523 0.091688
Carbon monoxide 0.65789 2.1141 2.1705 2.0146 1:4� 10�4 4.8910 0.36728 0.062285
Methane 0.68156 1.9910 0.96812 2.1669 2:0� 10�4 1.7517 0.46924 0.095506
Carbon dioxide 0.66190 1.9768 0.97380 2.1563 8:5� 10�5 1.8393 0.46680 0.093635
Methanol 0.19854 1.5062 1.2398 2.1968 9:3� 10�5 10.994 0.20099 0.032886
Water 0.62168 1.4623 0.62176 2.0228 3:1� 10�5 1.5360 0.36242 0.073629
Hydrogen 0.79528 1.8611 0.77971 2.0638 1:5� 10�4 1.1398 0.50767 0.11286
Helium 0.66533 1.8384 0.89045 2.1840 1:6� 10�4 1.7358 0.42716 0.092404

Table 3
Fit parameters of sub- and supercritical pressure isotherms. The EoS used in the
least-squares fits is stated in (4.10), also see the caption toTable 2. The fit parameters
at non-critical temperature are the exponent aðTÞ and the amplitudes sðTÞ, rðTÞ,
cðTÞ in the attractive term of the EoS. rðTÞ is negative except at high temperature. R2

is the determination coefficient of the fits. The isotherms corresponding to the
lowest/highest temperatures listed are depicted in Figs. 1e8. (The temperature se-
lection is largely based on the availability of data points.)

T½K� aðTÞ sðTÞ � rðTÞ cðTÞ 1� R2

Nitrogen
70 1.8756 1.0184 0.59100 0.11594 6:5� 10�6

100 2.0226 1.5932 0.50502 0.099803 1:9� 10�4

300 2.8202 4.3128 0.20447 0.054336 4:3� 10�5

2000 3.8747 84.367 �1.9556 0.018031 1:3� 10�5

Carbon monoxide
80 1.9292 2.8873 0.44415 0.079420 5:0� 10�5

200 2.0632 6.8460 0.36252 0.062283 2:4� 10�4

300 2.0596 9.3691 0.40517 0.076878 3:8� 10�6

Methane
100 1.8404 0.85185 0.61430 0.12170 1:0� 10�6

400 2.7720 3.4973 0.23282 0.059925 9:9� 10�6

Carbon dioxide
250 1.9897 1.5978 0.50339 0.097161 5:0� 10�5

500 2.6109 2.8412 0.30989 0.072803 3:3� 10�6

800 3.1190 5.5832 �0.081886 0.028357 4:2� 10�6

Methanol
400 2.0731 8.3901 0.25908 0.040010 1:9� 10�4

600 2.2419 12.904 0.17697 0.030092 1:4� 10�4

Water
300 1.5403 0.88641 0.50245 0.092592 1:8� 10�3

800 2.3358 1.8339 0.26016 0.068111 2:3� 10�5

1000 2.6380 2.2498 0.13313 0.065580 5:9� 10�6

1200 2.9669 3.1202 �0.12792 0.069701 5:4� 10�6

Hydrogen
16 1.7655 0.45906 0.72982 0.16941 5:0� 10�6

60 2.6368 1.8700 0.30062 0.074979 8:6� 10�5

Helium
2.5 1.8468 0.81117 0.63709 0.15740 2:6� 10�4

10 2.5876 3.3314 0.23913 0.053552 3:5� 10�5
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to specify the temperature dependent exponent aðTÞ and ampli-
tudes sðTÞ, rðTÞ, cðTÞ defining the attractive term of the EoS as an-
alytic functions of temperature. (In Section 4.3, we have treated
these functions as temperature dependent fitting parameters.) At
temperatures close to Tc, these functions can be represented by
power series expansions, aðTÞ ¼ aðTcÞ½1þ c1ð1� T=TcÞþ
c2ð1� T=TcÞ2 þ /�, and analogously for the three amplitudes. The
critical parameters aðTcÞ, sðTcÞ, etc., are taken from Table 2. (An
expansion in powers of 1� ffiffiffiffiffiffiffiffiffiffi

T=Tc
p

, which is more frequently used
for the alpha function of the PR equation, cf. Table 1 of Ref. [5], has
been found to give poorer fits in this context than the indicated
Taylor series.)

The series coefficients c1;2 are inferred from polynomial least-
squares fits. To this end, one calculates several pressure isotherms
of a given compound at temperatures close to critical, as depicted in
Figs. 1e8, by treating the temperature dependent exponent and
amplitudes as fitting parameters rather than as functions of tem-
perature. In this way, four data sets ðTi;aðTiÞÞ, ðTi;sðTiÞÞ, ðTi; rðTiÞÞ,
ðTi;cðTiÞÞ are obtained as listed in Table 3 for each compound. The
above analytic series expansions are then fitted to these data sets to
determine the series coefficients c1;2 (which are compound
dependent). This is done in Fig. 9 for water pressure isotherms; the
data points are taken from Table 3, the critical parameters aðTcÞ,
etc., from Table 2. The series coefficients c1;2, obtained by linear
least-squares regression, cf. Fig. 9, are recorded in Table 4. Once
these coefficients are determined, one can substitute the analytic
expansions of the exponent aðTÞ and amplitudes sðTÞ, rðTÞ, cðTÞ
into the EoS (4.10) to find the temperature parametrization of the
EoS in the vicinity of the critical temperature.

The water pressure isotherms parametrized by temperature are
depicted in Fig. 6 as dashed green curves, approximating the sub-
and supercritical isotherms (red solid curves, calculated by treating
the temperature dependent exponent and amplitudes as fitting
parameters, cf. Section 4.3) quite well, especially at high pressure.
The critical isotherm, which is the starting point of the above series
expansions, is exactly reproduced. For water pressure isotherms,
the range of applicability of these expansions is at least
300 K� 1200 K (that is roughly 0:5� Tr � 2, cf. Fig. 9) as suggested
by the temperatures of the sub- and supercritical isotherms
depicted in Fig. 6.

Higher orders can be included in the above power series ex-
pansions (truncated after the second order), although this requires
larger data sets ðTi; aðTiÞÞ, ðTi; sðTiÞÞ, etc. Combined fits including
data sets of thermodynamic variables other than pressure can also
be performed, by adding the least-squares bc2 functionals of the first
and second temperature derivatives, e.g., bc2ðaÞ þ bc2ða0 Þ þ bc2ða00 Þ.
The data sets ðTi;a0ðTiÞ Þ, ðTi;a00ðTiÞ Þ required in the functionals



Table 4
Analytic representation of the exponent aðTÞ and amplitudes sðTÞ, rðTÞ, cðTÞ in EoS
(4.10) of water. In the vicinity of the critical temperature, these functions are defined
by power series expansions, aðTÞ ¼ aðTcÞ½1þ c1ð1� T=TcÞ þ c2ð1� T=TcÞ2 þ/� and
analogously for the three amplitudes, cf. Section 4.4. The critical constants aðTcÞ, etc.,
are obtained from the critical pressure isotherm of water, cf. Table 2. Listed are the
first two expansion coefficients c1;2, inferred from the least-squares fits depicted in
Fig. 9. The series expansions are applicable in the temperature range 300 K�
1200 K, see Fig. 6.

aðTÞ sðTÞ rðTÞ cðTÞ
c1 �0.49895 �0.88869 1.00867 0.33155
c2 0.069905 0.29303 �0.60795 0.300095

Fig. 9. Temperature variation of the amplitudes sðTÞ, rðTÞ, cðTÞ and exponent aðTÞ in
the attractive term of EoS (4.10) applied to water, cf. Section 4.4. Depicted are four
least-squares fits based on data points in Table 3 (for sub- and supercritical T). The fit
functions are here parametrized by reduced temperature and defined by power series
expansions around the critical temperature, e.g., sðTrÞ=sð1Þ ¼ 1þ c1ð1� TrÞ
þc2ð1� TrÞ2 þ /. The critical parameters sð1Þ, rð1Þ, cð1Þ, að1Þ of water are taken from
Table 2 and the fit parameters c1;2 are listed in Table 4. Water pressure isotherms
obtained by substituting these series expansions into EoS (4.10) are shown in Fig. 6 as
dashed green curves.
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bc2ða0 Þ and bc2ða00 Þ can be obtained from isothermal least-squares
fits of the internal energy and isochoric heat capacity, respec-
tively, which depend on the first and second temperature de-
rivatives of the exponent aðTÞ, cf. Section 5. The same holds true for
the amplitudes sðTÞ, rðTÞ, cðTÞ and their derivatives.

The asymptotic high-temperature regime T =Tc >>1 of the
exponent aðTÞ and amplitudes sðTÞ, rðTÞ, cðTÞ is outside the reach
of ascending series expansions. To this end, one will have to use
data sets ðTi; aðTiÞÞ, ðTi; sðTiÞÞ, etc., obtained from high-
temperature isotherms and find analytic expressions, typically
composed of power laws and exponentials, which can be used as
fit functions.
5. Effective Hamiltonian and internal energy derived from a
non-cubic multi-parameter EoS

In Section 2.2, we explained the reconstruction of the effective
Hamiltonian H¼ gðT;nÞp2 þ hðT ;nÞ from a general EoS and gave
explicit examples for cubic EoSs. Here, we calculate the coefficient
functions hðT ;nÞ and gðT ;nÞ ¼ e~gðT ;nÞ=ð2mÞ based on the non-cubic
EoS (4.10). To this end, we need the temperature derivative of EoS
(4.10),
P;T ¼ RncTc

"
nr
Tc

 
1þ

�
nrbb
�l=h

!h

� nar lognr
1þ rnr þ cn2r
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0

� nar
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�2 sc0

#
(5.1)

The primes denote derivatives of the amplitudes sðTÞ, rðTÞ, cðTÞ
and exponent aðTÞ in (4.10). The coefficient functions defining the
effective Hamiltonian read, cf. (2.15) and (2.16),

hðT ;nÞ¼ 1
nc

ðnr

0

�
P
n2r
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n2r

�
dnr; ~gðT;nÞ ¼ 2
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ðnr

0

�
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n2r

� 1
nr

�
dnr

(5.2)

where the units have been restored, so that ~gðT;nÞ is dimensionless
and hðT ;nÞ has the dimension of J=mol. Substituting the EoS (4.10)
and its derivative (5.1) into (5.2), we find

~gðT ;nÞ ¼2
3

h
I0ðnrÞ� I1ðnrÞTcs

0 � I2ðnrÞsTca
0 þ I3ðnrÞsTcr

0

þ I4ðnrÞsTcc
0i (5.3)
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where the Ik¼0;:::;4ðnrÞ denote the integrals
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The specific internal energy density u ¼ U=V in (2.8) reads

u
h
J
.
cm3

i
¼hðT ;nÞncnr þ ð3=2ÞRncnrT (5.6)

with hðT ;nÞ in (5.4) substituted. Fig. 10 depicts isothermal fits to the
internal energy per mole,

U½J=mol� ¼u
n
¼ hðT ;nÞ þ 3

2
RT (5.7)

The fit parameters are the four temperature derivatives a0, s0, r0,
c0, which enter linearly in (5.4). All other parameters defining
hðT ;nÞ in (5.4) are obtained from the least-squares fits of the
pressure isotherms discussed in Section 4.3. The zero-point of the
energy scale can be chosen arbitrarily. In Section 2, it is defined by
the convention that the ideal gas limit is recovered in the low-
density limit. The zero-point of the internal-energy data sets [6]
used in the least-squares fits in Fig. 10 is defined by the convention
of zero enthalpy at the boiling point. The fits as well as the com-
parison with the PR equation (see below) are performed by uni-
formly shifting the data points downwards so that the 3RT =2 limit



Fig. 10. Internal-energy isotherms of methane. Data points from Ref. [6]; squares/cir-
cles/diamonds indicate supercritical/critical/subcritical data points, respectively, at the
indicated temperature. The solid red curves depict least-squares fits performed with
the internal energy UðnÞ in (5.7) which is based on the non-cubic EoS (4.10); the fit
parameters and determination coefficients are listed in Table 5. The dashed black line
connects the saturation points on the subcritical isotherm. The high-density data
points of the critical and supercritical isotherms indicate the onset of an internal en-
ergy increase above a density of 0:03 mol =cm3, which is accurately reproduced by the
multi-parameter EoS (4.10). The subcritical 100 K isotherm also bends upwards at
negative energies (not shown in this log-log plot). The PR approximation of the iso-
therms is depicted by the dotted blue curves, cf. (5.7) and (5.8). The vertical dotted
black line indicates the PR density limit of nc =bp ¼ 0:040 mol=cm3, cf. (4.14) and (4.15),
where the pressure singularity of the PR EoS occurs, see Fig. 3.
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is recovered at low density. (In Fig. 10, the data sets have been
shifted upwards by 1 kJ=mol, so that the lowest energies are still
positive, to allow a log-log representation.) Since the fitting pa-
rameters a0, s0, r0, c0 enter linearly in (5.7), the derivatives of the
least-squares functional linearly depend on these parameters. The
least-squares minimization thus amounts to solving a system of
four linear equations in the variables a0, s0, r0, c0. The fit parameters
obtained in this way are listed in Table 5 for a subcritical (T ¼
100 K), critical and supercritical (T ¼ 400 K) temperature. The data
points of the critical and 400 K isotherms in Fig. 10 show the onset
of an internal-energy increase at high density, which is accurately
reproduced by the fits (solid red curves). The almost vertical slope
of the subcritical data set at high density is also well reproduced by
the internal energy (5.7) derived from EoS (4.10).

The isochoric heat capacity can be dealt with in like manner,
being the temperature derivative of the internal energy. The fitting
parameters in this case are the second-order derivatives a00, s00, r00,
c00, which also enter linearly in the derivatives of the least-squares
functional and can thus be obtained by linear regression.

The coefficient functions of the Hamiltonian in (5.3) and (5.4)
simplify if specialized to the cubic EoS (4.14),

~gðT ;nÞ¼2
3
½I0ðnrÞ� I1ðnrÞTcbabs0�; hðT ;nÞ ¼ RTcI1ðnrÞðTbabs0 � babsÞ

(5.8)

where bs0ðTÞ denotes the temperature derivative of the alpha
function in EoS (4.14) and
Table 5
Fitting parameters of the internal-energy isotherms of methane in Fig. 10. Recorded are th
attractive term of the non-cubic EoS (4.10), at a subcritical, critical and supercritical tem
(5.7) based on EoS (4.10). R2 is the determination coefficient of the fits.

T ½K� a0ðTÞ s0ðTÞ

100 1:1841� 10�3 5:3045� 10�4

190.56 4:1478� 10�3 7:3200� 10�3

400 2:7228� 10�3 1:1565� 10�2
I0 ¼
ðnr

0

bp
1� bpnr dnr; I1 ¼

ðnr

0

1

1þ bcnr þ bdn2r dnr (5.9)

Numerical values of the constants ba, bc, bd, bp in (5.8) and (5.9) and
analytic expressions for the alpha function bsðTÞ of the PR and SRK
EoSs can be found in Section 4.2. The integrals in (5.9) are
elementary and so are the coefficient functions in the case of cubic
EoSs, see the examples in (2.17)e(2.19).

In Fig. 10, we compare the internal-energy isotherms of the PR
EoS (dotted curves defined in (5.7)e(5.9)) with the corresponding
isotherms of the non-cubic EoS (4.10) (solid red curves, calculated
via (5.4), (5.5) and (5.7)). The internal-energy isotherms obtained
from the PR equation are accurate up to about the critical density
but fail to fit the high-density data points at critical and subcritical
temperatures, whereas the isotherms calculated from the multi-
parameter EoS (4.10) give uniformly accurate fits to all three data
sets.

6. Results, discussion and conclusion

We have explained the reconstruction of the effective Hamil-
tonian from a thermal EoS, cf. Section 2. This Hamiltonian explicitly
depends on temperature and particle density and satisfies an
equilibrium condition, cf. Section 3, so that the partition function
defines a genuine equilibrium system with entropy variable
SðU;N;VÞ satisfying S;U ¼ 1=T and S;V ¼ P=T , the pressure coin-
ciding with the prescribed EoS.

Once the effective Hamiltonian is known, one can calculate the
partition function, caloric EoS and entropy variable, cf. (2.9) and
(2.14). The chemical potential is found via the entropy derivative
S;N ¼ � m=T , cf. (2.13) and (3.13). All other thermodynamic vari-
ables such as heat capacities and compressibilities are obtained
from these quantities by using standard equilibrium identities, cf.
(3.14). Explicit formulas to calculate the effective Hamiltonian from
a prescribed EoS have been derived in Section 2.2; the integrals
involved are elementary for cubic equations, and the Hamiltonians
of the SRK and PR equations are stated in (2.18) and (2.19).

As cubic EoSs tend to be inaccurate at high density (see Sections
4.3 and 5 and the PR approximations of the isotherms in Figs. 1e8
and 10), a non-cubic multi-parameter equation has been proposed
in Section 4.1,

Pðn; TÞ ¼ RncTc

"
nrTr
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�
nrbb
�l=h

!h

� naðTÞr sðTÞ
1þ rðTÞnr þ cðTÞn2r

#
(6.1)

The subscripts indicate critical and reduced temperatures and
densities. Like cubic equations, this EoS consists of a repulsive and
attractive term. The latter is similarly structured as in the cubic EoS
(4.14), apart from the non-integer exponent aðTÞ, so that the three
conditions Pc ¼ Pðnc; TcÞ and P;n ¼ P;n;n ¼ 0 at the critical point can
be solved explicitly for the amplitudes sðTcÞ, rðTcÞ, cðTcÞ. The basic
difference to cubic EoSs is the repulsive term, which is non-singular
at high density and depends on real exponents l and h. The
e temperature derivatives of the exponent aðTÞ and amplitudes sðTÞ, rðTÞ, cðTÞ in the
perature. The parameters are obtained from least-squares fits of the internal energy

r0ðTÞ � c0ðTÞ 1� R2

3:4160� 10�4 2:3126� 10�4 4:5� 10�8

1:2480� 10�3 2:1520� 10�4 2:8� 10�4

1:5112� 10�3 1:6057� 10�4 7:0� 10�4
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effective Hamiltonian obtained from EoS (6.1) is assembled in
Section 5.

The EoS (6.1) has been tested by performing least-squares fits to
isothermal high-pressure data sets of nitrogen, carbon monoxide,
methane, carbon dioxide, methanol, water, hydrogen and helium,
depicted in Figs. 1e8, cf. Section 4.3. The critical pressure isotherms
defined by EoS (6.1) depend on four positive fit parameters bb, l, h,
aðTcÞ, recorded in Table 2, the remaining three parameters sðTcÞ,
rðTcÞ, cðTcÞ are determined by the above conditions at the critical
point.

The parameters bb, l, h of EoS (6.1), obtained from the fit of the
critical isotherm, define the repulsive term of the EoS and are
temperature independent [45], so that they remain valid for sub-
and supercritical isotherms as well. The latter thus require four
(temperature dependent) fit parameters aðTÞ, sðTÞ, rðTÞ, cðTÞ
defining the attractive term in (6.1), which are listed in Table 3. In
effect, the least-squares fits in Figs. 1e8 are obtained by varying
four parameters, either bb, l, h, aðTcÞ in the case of critical isotherms
or a, s, r, c at non-critical temperatures. The isothermal data sets
used for the fits in Figs. 1e8 cover five pressure decades, up to 1 GPa
[6]. As is evident from the figures, the fitted pressure isotherms
(solid red curves) are uniformly accurate over the measured pres-
sure range, for critical, sub- and supercritical temperatures alike.
The determination coefficients of the least-squares fits depicted in
Figs. 1e8 are listed in Tables 2 and 3. Analogous to the alpha
function of the cubic PR equation, cf. Section 4.2, the temperature
dependent exponent and amplitudes aðTÞ, sðTÞ, rðTÞ, cðTÞ in the
attractive term of EoS (6.1) can be specified as analytic functions
instead of being treated as fitting parameters, cf. Section 4.4. In the
vicinity of the critical temperature, these functions admit power
series expansions. We studied the temperature dependence of
water pressure isotherms, calculated the series coefficients, cf.
Fig. 9 and Table 4, and obtained the temperature parametrization of
the EoS of water in the 300 K� 1200 K range where the series
expansions apply.

The effective Hamiltonian of EoS (6.1) determines the internal-
energy variable (5.7) which has been put to test by performing
least-squares fits to methane data sets, cf. Section 5. Since the
Hamiltonian depends on the temperature derivative of EoS (6.1),
the fit parameters of the internal energy are the four temperature
derivatives a0, s0, r0, c0 of the exponent and the amplitudes in the
attractive term of EoS (6.1). All other parameters are predetermined
by the fits of the pressure isotherms. The internal-energy isotherms
of methane are depicted in Fig. 10, at critical, sub- and supercritical
temperatures. The data sets cover the same extended density range
as the methane pressure isotherms in Fig. 3, and the least-squares
fits (solid red curves) are quite accurate, especially at high density;
the fitting parameters, obtained by linear regression, and the
determination coefficients are listed in Table 5.

In Figs. 1e8 and 10, the isotherms of the multi-parameter EoS
(6.1) are compared with the corresponding isotherms of the cubic
PR equation, cf. Section 4.2. As illustrated by the figures, the PR EoS
is quite efficient to model isotherms up to about the critical density
and, for supercritical temperatures, even above that. It is essentially
a universal equation depending, apart from the critical temperature
and density, only on one compound-specific parameter, the acen-
tric factor in the alpha function of the EoS. Its simplicity and wide
applicability makes it attractive for engineering applications.
However, as is also evident from the figures, there are limits
regarding its accuracy and applicability in the high-density/high-
pressure regime, especially at critical and subcritical temperatures.
First, the pressure isotherms at critical temperature, which do not
even depend on the uncertain alpha function, become inaccurate at
the critical density if the critical compressibility factor Zc of the
fluid deviates from the assumed universal Zc of the PR equation, cf.
Eq. (4.15) and Table 1. Second, above the critical density, there is a
straight power-law segment visible in the data sets of the critical
pressure isotherms. (Straight segments in log-log plots indicate
power-law slopes.) These straight power-law segments extend to
the highest measured pressure, see Figs. 1e8, and are not repro-
duced by the critical PR isotherms (indicated by dotted curves in
the figures) which show substantial curvature in log-log plots and
terminate in a pressure singularity. This singularity predicted by
the PR and other cubic EoSs is not evidenced in any of the data sets
in Figs. 1e8, in contrast to the power-law segment emerging in all
figures.

The sub- and supercritical isotherms of the PR EoS depend on
the choice of the alpha function in the attractive term of the EoS, cf.
Section 4.2. This is an analytic function of temperature, depending
on compound-specific constants sometimes correlated with the
acentric factor. There is no consensus on the actual structure of this
function, see Table 1 of Ref. [5] for suggestions of closed analytic
expressions in this regard. The alpha function used in the plots in
Figs. 1e8 and 10 is stated at the end of Section 4.2. The subcritical
data points of the liquid phase in Figs. 1e8 define an extremely
steep slope of the pressure isotherms, which is not well reproduced
by the PR EoS.

As is the case for pressure isotherms, the PR isotherms of the
internal energy of methane in Fig. 10 (dotted blue curves) are ac-
curate up to the critical point and deviate from the data points for
higher densities. The data sets of the supercritical and critical iso-
therms show the onset of an energy increase at high density not
reproduced by the PR isotherms. The latter are monotonously
decreasing, terminating at the limit density defined by the pressure
singularity (indicated by the vertical dotted line in Fig. 10). The
subcritical PR isotherm (dotted blue curve) does not match the data
points at high density either.

One can thus draw the following conclusion. The PR EoS with an
alpha function correlated with the acentric factor is easy to apply
and gives reasonably accurate predictions of thermodynamic
functions at low and intermediate densities just by specifying the
acentric factor. But the PR equation is approximative by design, due
to the assumed universal compressibility factor, uncertain alpha
function and correlationwith the acentric factor, and is not suitable
for the high-density/high-pressure regime.

The multi-parameter EoS (6.1) is more difficult to apply, since
the parameters have to be calculated by least-squares fits. But this
non-cubic EoS can accurately reproduce themeasured high-density
data sets and predict the continuation of isotherms beyond the PR
singularity, as demonstrated for pressure isotherms in Figs.1e8 and
internal-energy isotherms in Fig. 10.

List of symbols and abbreviations

The ordering of the symbols is according to first appearance in
the text.

Section 1
PR EoS Peng-Robinson equation of state
SRK EoS Soave-Redlich-Kwong equation of state

Section 2
drðpÞ spectral density, see (2.1)
Hðp; T ;nÞ effective Hamiltonian
p particle momentum
n ¼ N=V particle density
s spin degeneracy
aðT ;nÞ fugacity parameter
b ¼ 1=T inverse temperature
u ¼ U=V internal energy density
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Z, x ¼ log Z=V partition function
m particle mass
gðT ;nÞ, hðT;nÞ, ~gðT ;nÞ ¼ logð2mgðT;nÞÞ coefficient functions of the

effective Hamiltonian
g;n, h;T derivatives are indicated by subscript commas followed

by the respective variable; primes are also used to
denote temperature derivatives

P pressure
m chemical potential
CV isochoric heat capacity
sðT ;nÞ ¼ S=V specific entropy density
F Helmholtz free energy
Section 3
f ðxÞ integral kernel of the partition function
ZF;B, drF;BðpÞ F and B subscripts referring to Fermi and Bose

statistics
kT isothermal compressibility
aexp isobaric expansion coefficient
CP isobaric heat capacity
kS adiabatic compressibility
Section 4.1
n½mol=cm3� molar density
Vc ¼ 1=nc critical molar volume
R universal gas constant
Zc ¼ PcVc=ðRTcÞ critical compressibility factor, the subscript c

denoting critical values
Tr ¼ T=Tc, nr ¼ n=nc subscript r denoting reduced values

l, h,bb exponents and amplitude parametrizing the repulsive
term of the non-cubic multi-parameter EoS (4.10)

aðTÞ, sðTÞ, rðTÞ, cðTÞ temperature dependent exponent and
amplitudes defining the attractive term of the
EoS (4.10)

ac ¼ aðTcÞ, ba ¼ sðTcÞ, bc ¼ rðTcÞ, bd ¼ cðTcÞ exponent and
amplitudes in EoS
(4.10) at the critical
temperature
Section 4.2bp, ba, bc, bd constant amplitudes in the cubic EoS (4.14)bsðTÞ ¼ sðTÞ=ba alpha function in the attractive term of the cubic
EoS (4.14)

u acentric factor
UðuÞ empirical function of the acentric factor, used to

parametrize the alpha function bsðTÞ of the cubic EoS
(4.14)
Section 4.3
R2 determination coefficient of a least-squares fit, see

Table 2
Section 4.4
ci expansion coefficients of the analytic functions

aðTÞ,sðTÞ,rðTÞ,cðTÞ defining the attractive term of EoS
(4.10)
Section 5
a0, s0, r0, c0 temperature derivatives of the exponent and

amplitudes in the non-cubic EoS (4.10)
Ik¼0;:::;4 integrals stated in (5.5) defining the Hamiltonian of the

non-cubic EoS (4.10)bs0 temperature derivative of the alpha function of the
cubic EoS (4.14)
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